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1 Constraints and flows in the phase space

1.1 Flows generated by constraints and the geometric meaning of
the Poisson bracket

O The set up:
We consider a dynamical system described in a 2n-dimensional phase space M':

M = 2n-dimensional phase space

x* = x*(q*,p;),i = 1 ~ n: a set of local coordinates of M
q,DPi),

Suppose the system is subject to a constraint defined by the equation

f(x) = ¢ = constant (1)

This defines a (2n — 1)-dimensional hypersurface in M, to be denoted by
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DI
O A flow on Xy :

Consider an infinitesimal move on the surface 3¢. Then, we have
f(@ + da) — f(z) = 8, fda" = 0 2

Since dx* is tangential to X ¢, 0, f is a vector normal to 3.
As we continue this development along the surface, we should get a flow on 3,

of the form x*(w) with w a parameter of the flow.

f(x) = constant

To generate such a flow, we must make sure that dx* is always normal to 9, f.
This can be guranteed if there exists an antisymmetric tensor w"”(x) on

M . Then we can set
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dx¥ = "0, f du

(3)

This obviously satisfies the requirement dx#9,f = 0.

The vector field which generates this flow is defined as

X% = (w8, f) 8,

(4)

so that (3) can be written as

dzt = (X7z")du

(5)

For a fixed w"”, we will often omit the superscript w and write X ¢ for short.

We will call this flow F.
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O Variation along the flow and the Poisson bracket:

Now consider how an arbitrary function g(a) varies along the flow F. It is

given by

g(x +dxr) = g(x) + duXysg(x)

g(x) + duw"”0,f0,.g

g(x) + dud,gw"’ 8, f

g(z) +duig, f}, (6)

where we have defined the Poisson bracket!

{9, f} = Xyg9 = 0ugw?0.f = —{f,9} = —Xof . (7)

IThis should actually be called “pre-Poisson bracket”. For true Poisson bracket, we need the require-
ments for w”” to be discussed below.
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(Strictly speaking, for this to be called a Poisson bracket, w*” must satisfy certain

properties to be discussed below.)

In any case, the Poisson bracket {g, f} describes the infinitesimal

change of g along a flow F on 3. The basic formula is

dg

@:{gaf} <8>

O Requirements on w"”:

(1): As we have seen, once w*” is given, to a function f(x) we can associate

a unique flow F¢ on the surface 3.
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We wish to achieve the converse, namely we want a flow to determine
the family of surfaces f(x) = ¢ on which it exists. That is, we want

to be able to solve

dx*
_— = w“”@,,f (9)
du

for f(x) up to a constant. Obviously the condition is that w"” is non-

degenerate (invertible).

When w#” is non-degenerate, we will denote its inverse by w,,,:
pv __ su
wwy, = 0. (10)

Then it is natural to define the following 2-form

w = %wwdw“ A dx” , (11)
= @(Ds D) (12)
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The Poisson bracket can then be written as

{fag} — w(Xgaxf) (13)

since

w(Xy X)) = w(w8,90,,w*83f0,)
— w“”ﬁ,,gwuawaﬁagf
= O fwOug (14)
(2): To be relevant to physical problems, w,, should not be arbitrary. We

require that there exists a coordinate system (g°, p;) such that w takes the

standard form

w = Z dp; N dq". (15)

=1
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This amounts to

Wp,q; 0ij s Wq,p; = —0;; (16)

WPl — —§u ,  wliPi = 54 (17)

Thus, in this coordinate system, the Poisson bracket takes the familiar form:

1f.9) = 3ufwg’3:bg e 5
(220 2800y

8qidp; Oq'Ip;

)

In particular,

{qzapj} — 5; (19)
It is obvious that in this coordinate system w is closed 7.e. dw = 0.
® Since this is a coordinate independent concept, we must demand that it
be true in any coordinate system.

As we shall see shortly, this will be quite essential for the Poisson bracket to have
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the desired properties. In tensor notation, the closedness reads

dw = %Bpwwda:p A dx* N dx¥ (20)

0 = O,w,, + cyclic permutations . (21)

A non-degenerate and closed 2-form w is called a symplectic form
or a symplectic structure. An even-dimensional manifold endowed with a

symplectic form is called a symplectic manifold.
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O Properties of the Poisson Bracket:

We now prove the following basic properties of the Poisson brackets:

(1)
(2)
(3)
(4)
(5)

{f,9} ={f, 2"} 0.9

{f;9y =—{9,f} & Xgf=-—-Xyg
{f,gh} ={f,9th+g{f,h}

X{g.f} = [vaXg]

{f{g,h}} + cyclic=0

(22)
(23)
(24)
(25)
(26)

(1) and (2) are obvious from the definition. (3) is easy to prove using the vector

field notation. Once (4) is proved, then (5) is automatic. So, the only non-trivial

property to be proved is (4).

Proof of (4): We will give a basis independent derivation below and leave

the proof in terms of components as an exercise.
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(1) First it is easy to prove that for any vector field Y, we have the identity
()  w(¥,Xy) = Y(f) (27)
Indeed, writing Y = Y “?0,,
w(Y, X)) = w(Y %Oy, w0, f0,)
= YWauw"0,f = YOuf =Y (f) (28)

(2) Next we recall the basis-independent definition of the exterior deriva-

tive operator d. On a p-form w,

d(.d(Xl, Xg, c oo Xp_|_1)

p+1
_Z( DX (w(X, . cees Xpi1))
+Z( 1) Mo ([ Xy X5] 5 X1y eeny Xigeooy Xjyenny Xpi1)
z<g

(29)
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where X; means that it be deleted.

For p = 0, 7.e. when w is just a function, one defines

dw(X) = X(w) (30)

For p = 1 the formula takes the form

dw(X,Y) = X(w(Y)) - Y(w(X)) —w([X,Y]) (31)

Let us check this by comparing it to the usual component calculation.
Set w = w,dx’, X = X%8,,Y = YPs. Then the component calculation

goes as follows:

dw = 0 wydxtdx” = %(mw,, — Oyw,,)dxtdx” (32)
dw(X,Y) = (0w, — Byw,)dz*dx” (X84, YPOg)
= 2(Ouwy — Opw,) (XHYY — XVY'H) (33)
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On the other hand, we have

X(w(Y)) = X9Ou(w, YY) = X®Ow, Y'Y + X%, 0, YY"  (34)

Y (w(X)) = -YP0sw, X" — YPw,85X" (35)
~w([X,Y]) = —w((X*0aY")85 — (YP93X*)D,)
= X°9,YPws + YP953X %w, (36)

So the last term of the RHS of (31) removes the derivatives on X * and Y and

we get

RHS of (31) = 9w, (XHY” — YEXY)
= LHS of (31)

(3) Now apply this to our 2-form w in the following way and impose the closed-
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ness condition:
0 = dw(Y, X, Xg)
— Y(w(va Xg)) - Xf(w(Ya Xg)) + Xg(w(Ya Xf))
—w([Y, Xy, Xg) — w([ Xy, Xy], Y) + w([Y, X4, Xy)
(37)

where Y is an arbitrary vector field. The first term can be written in the following

two ways
(7’) Y(w(vaXg)) — Y(‘[Qa f}) — w(Yv X{ga.f}) — _w(X{g,f}aY)
(i2) Y(w(Xy, Xg)) = Y(Xr(g)) = —Y(Xy(f))
= 5 (Y(Xs(9)) — Y(X4(£)))
Forming 2 X (¢2) — (%) we have

Y(w(Xy, Xy)) = Y(X5(9)) = Y(Xy(f)) + w(Xyg,53, Y)
(38)
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The rest of the terms can be rewritten in the following way

Xr(w(Y, Xy)) = X;(Y(g)) (39)
Xy(w(Y, Xy)) = Xg(Y(f)) (40)
w(lY, X¢], Xg) = [Y, X¢] (9) (41)
w([Y, Xg] 9Xf) = Y, Xg] (f) (42)
Combining all the terms, many of the terms cancel and we are left with
0 = w(X{g,f}’ Y) — w([Xfa Xg] 7Y)
= (X — (X5, X,],Y) (13

Since Y is arbitrary and w is non-degenerate, we must have X, sy —[ X5, Xy =

0, which proves the assertion. //

Exercise: Give a proof in terms of components.
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1.2 Hamiltonian vector field, gauge symmetry and gauge-fixing

O Hamiltonian vector field and the equation of motion:

Consider now the Hamiltonian function H (x) of a dynamical system.

For a conservative system, H (x) stays constant, and we can apply the above
general consideration with f(x) = H(x).

Thus, a flow is generated by the associated Hamiltonian vector field Xz on
the surface > 7. When talking about a flow generated by X g, we normally use

t as the parameter. Using the general formula (8), we obtain the equation of

motion for any physical quantity g(x)
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O Compatibility of H and the constraint:

Now consider the situation where we have a constraint ¢(x) = 0, which is
different from the Hamiltonian constraint.

Actually, we must consider the set of functions of the form

® = {x(z)|x(z) = a(z)p(x)} (45)

where a(x) is an arbitrary function non-vanishing and non-singular on the con-
straint surface 3i4. Then, any member of ® vanishes on the surface 3 and

generates essentially the same flow as ¢.

Now when the system develops according to the Hamiotonian H (x), it should
not leave 34. Otherwise, the imposition of the constraint would be incompatible
with the Hamiltonian.

So for compatibility, we must require that after an infinitesimal time the change

constsys-22



of the constraint function should vanish on 234. This is expressed by

W s Hyeo (1)

When this holds, we say that {¢, H } is weakly zero and denote it by
{¢,H} ~ 0.

Since the surface X4 is generated by any member of the set ®, we must also

have
Vx € @ {x,H} ~ 0. (47)
Indeed this is guaranteed: Since x can be written as x = a(x)@p(x), we get

{ap,H} = {a,H} ¢+ a{¢p,H} ~ 0. (48)

Similarly, it is easy to show that

x1~ 0, X2NO_>{X19X2}NO (49)
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(Proof: x; ~ 0 < x; = a;¢. Then, {a1Xx1, @2X2} clearly vanishes on
o)

O Equivalence relation on ¥, and gauge symmetry:

When we impose a constraint ¢(x) = 0, the dimension of the phase space
drops by 1.
However, from the point of view of (p, q) conjugate pair, the physical degrees

of freedom should drop by 2, not just by 1.

Indeed this can happen due to the following mechanism.

Let () € ®. Then 1) generates a flow on X4 given by
det = {xV', v} du. (50)

The important point is that flows generated by any memeber of ® are actually

the same. Let x = a1t be another member. Then the flow generated by x,
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with a parameter v, is described by the equation

dz" = {z",x} dv = ({z",a} ¢ + a{z", ¢})dv = {z", ¢} adv
(51)

This shows that, apart from the redefinition of the parameter u, the
trajectory is the same.

Furthermore, since {¢, H} € ®, ® as a set is invariant under time develop-
ment. Thus, the shape of the flow does not change in time ¢.

Thus, all the points on a flow generated by ® describe the same physi-
cal state from the point of view of the Hamiltonian dynamics and they

should be identified.

Hence, the bonafide physical phase space P is the quotient space

P=2%¢/~, dimP=2n-—2. (52)

where ~ denotes the equivalence relation just described. Thus ® generates

gauge transformations on the dynamical variable " in the manner
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dox" = a(x) {z", ¢}

O Idea of Gauge Fixing:

Let us call our constraint ¢!(x).

Each point in P is described by a representative of 3. 1.

To pick one out, one may try to intersect 341 by another hypersurface generated
by an additional constraint ¢?(x) = 0.

To guarantee that this picks out a single point on the flow generated by ¢!, we

must demand that the value of ¢?(x) changes monotonically along the flow
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F 1. This is condition is expressed by

2 1 do*
{¢% ¢} = T # 0 never crosses zero (53)
u
This procedure of introducing such an additional constraint ¢?(x) is called

gauge fixing.

1.3 Flow in the physical space and the Dirac bracket

The Poisson bracket {g, f} describes an infinitesimal flow of g generated by the
function f. (In this context, the function f(x) need not be a geuine constraint
of the dynamical system.)

Suppose we have genuine constraints ¢* = 0, (@ = 1,2) as above. We may
still consider the flow {g, f} generated by f.

But in general the flow gets out of the physical space P = ¥g/ ~.

We now explain a convenient way of generating a flow in the physical phase space.
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It would be very nice if we can invent a new bracket which generates a
flow that stays in the physical space. This is achieved by the so-called the
Dirac bracket, to be deonoted by {g, f} .

¢ First we have the following property:

f(x) generates a flow on P <—=> {¢*, f} =0, (a=1,2).

Proof: This follows immediately from d¢/du = {¢*, f}. If the flow stays
on P, then cleary the conditions ¢® = 0 does not change and we have {¢?%, f} =
0. Conversely, {¢%, f} = 0 means that along the flow d¢$®/du = 0 and hence

®»® = 0 conditions are preserved.
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¢ Next, the desired bracket should have the following properties:

1. For f(x) satisfying {&®, f} = 0, we want

{ga f}D — {ga f} . (54)

2. When {¢%, f} # 0, the bracket should automatically drop the part of the

movement which gets out of the constraint surface. Specifically, we want

{¢*, f}p = 0. (55)

3. The bracket should satisfy all the basic properties of the Poisson bracket.

The bracket satisfying all these requirements is given by
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{ga .f}D = {g’ f}_{ga ¢a} Cab{¢baf} ’ (56)
C?® = {qﬁa,qbb} anti-symmeric, non-degenerate
Ca, = inverse of C% (57)

The second term subtracts precisely the portion which gets out of the physical

space. We will see this more explicitly in the next section.

In the meantime, let us check that the properties 1,2,3 are met.

® Property 1 is obvious.
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e Property 2:
{¢a7 f}D = {¢a9 f} T \{Cbaa qbb}JCbc {¢Ca f}

Cab

:{¢a’f}_{¢a7f}20 (58>

Excercise: Check the property 3

¢ Since {¢%, f}p = O for any function f(x), we can set ¢ strongly

(identically) to zero when we use the Dirac bracket.
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O Meaning of the Dirac bracket and the physical Hamiltonian
Hp .

We now wish to make the meaning of the Dirac bracket clearer and construct
the physical Hamiltonian which directly acts on the physical phase space P.

This is achieved by employing a convenient coordinate system, to be described

below.

First we recall that the Poisson bracket is basis independent as seen from the
expression {f,g} = w(X,y, X¢). So we may take a special coordinate
system y”(x) where two of the new coordinates coincide with the

constraints:

zt — yt(x), (59)
a { ;’l j::317,427 » 2T (60)
y(z) = ¢%(x) (61)
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Further, we choose y* such that w,zi = {y“, yz} = {qb“, yz} = 0.
This should be possible since this condition simply says that y*(x) generates a

flow on the physical space P.
Indeed if {ya, yz} = w;f‘ £ 0, then redefine y* as

7' =y — w)Crey’ (62)
Then, (omitting the subscript 4 on w®®)
{,gi, ya} — Wi — C, C = 0 (63)
In this coordinate system w*¥ takes the form

ab
y w 0

Now we call

U = unphysical space spanned by {y®}
P = physical spaces spanned by {y*}
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Because of the block diagonal form of w¥, we have

{gaf} — {gvf}U+{gaf}P .

It is easy to prove the identity

{9, 1} = {9, ¥} v {¥", }
= {9,9°}Cup {#°, f} + {9, ¥'} wis {¢’, [}
Thus we can identify
{9:}p = {99} wij {¥5 f}
{9, f}v = {9, 9"} Car {0° [}
Setting g = & in this identity, we find
{¢%, f}p = {&"v'} wij {v, f}
= w“iwij {yj, f} =0
{0% fu = {9% ¢°} woe {6 f}
= {¢% ¢} Coc {0°, f} # 0O
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So {@?, f} p has precisely the property of the Dirac bracket. In other words, the
Dirac bracket is nothing but the bracket in the physical space. Namely

{gaf}D — {gaf}_{gaf}U
— {ga f} — {ga ¢a} Cap {¢b7 f} (72)

which is exactly the definition introduced before.

¢ If we adopt this special coordinate system, it is clear that the physical Hamil-

tonian is
Hp = Hy' =y>=0,9"). (73)

and the symplectic structure to be used is

Wp — %wijdyidyj (74)
We then get
dy’ ; wp
— ' H 75
dt {y ’ P} ( )
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But the same result can be obtained in any coordinate system if we use the Dirac
bracket and set @® = 0 strongly. Indeed
dy“

= = {y*, H}, = {¢*, H}, =0 (76)
d—yt = (Y H}p lya=o = {4 ¥} wij {97, H} |ye=o

= {y', Hp}*" (77)

Thus we always get correct equations of motion by using the Dirac bracket.
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2 Systems with multiple constraints
2.1 Multiple constraints and their algebra

From now on, we fix the symplectic structure and take the basis z* = (q*, p;), i =

1,2,...,n such that w is of the standard form w = > | dp; A dq’.

¢ Suppose we have m independent bosonic constraints *

T.(x) = 0, a=1,2,...,m (78)

The constrained surface will then be 21 — m dimensional.

® In order for any flow generated by these constraints to remain on this surface,

all the Poisson bracket among them must be weakly zero.

@ Also, for these constraints to be consistent with the time evolution, theirPoisson

2The case where fermionic constraints are present can also be handled, but for simplicity, we shall not
do that here. In what follows, we use the BF'V convention and use subscripts for the constraint indices.
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bracket with the Hamiltonian, which we write Hy, must vanish weakly as well.

In other words, T,,'s and H{ must satisfy an involutive algebra of the form

{TaaTﬁ}
{HO’ Ta}

T,,Ugﬂ . (79)
T5VP, (80)

° U(Zﬂ and V? are in general functions of (q*, p;)
@ Hence the above need not be a Lie algebra. (In fact for gravity this situation

occurs.)

We shall call this algebra the algebra of constraints. In Dirac’s terminology

T, 's are called the first class constraints.
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2.2 Analysis using the Action Integral

O Invariance of the action under the transformations generated

by the constraints:
The action for the constrained system defined above can be written in two ways:

(¢) Slg,pl = / dt (pig' — Hy) (81)

i) SlapN = [dt(pd = Ho+XT) ()

where in the second expression A* are the Lagrange multipliers.

(1) First let us check that the action (i) is invariant under the gauge trans-

formations generated by the constraints.

Denoting by €*(p, q) the infinitesimal local parameters, the transformations are
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expressed as
0" = {q',Ta} €™, (83)
op; = {pi,Ta}€”. (84)

If the point (p;, ") is on the constrained surface, it stays on the surface un-
der these variations because they are generated by the constraints. The action

changes by

S = / dt (6p:q* + pi6g' — 6 Hy) : (85)

T=0
Now for the last term,

O0Hy = {Hy,To} €* ~0 (ontheT = 0 surface) (86)
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due to the constraint algebra. As for the first and the second terms,

*7 e JX} 8Ta ‘1 o
0piq" = {piTa} €°q' = ——q'e (87)
q
| | oT.,
25 P = — .i ¢ Ta e = — zeo‘ 88
pidq pi{q", T} op, i€ (88)
opiq’ + pidg’ Tne® d(T N 4+ T, & (89)
Piq" + pidq ” O

(In the second equation above, we used the integration by parts under [ dt. )
So for the variations that vanish at the initial and the final time this vanishes

upon integration on the T' = 0 surface.

Thus S is invariant. Since the classical trajectories are obtained by extremizing the
action, this shows that various trajectories which differ by the variations

generated by the constraints all satisfy the equations of motion.

(2) Next consider the variation of S [g, p, A]. This time, we cannot use
the equations T, = 0.
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Using the previous results and the integration by parts, we get

5pzqz + pz(sqz — _Taea = TL€” ’ <9O>

—6Hy = — {Hy, To} € = —T, Vje?, (91)
§(AT,) = AT, + \* {T,, T} €°

= AT, + AT U 4€” . (92)

So S [g, p, A] vanishes if we define the variation of A“ as
A = —é* + Vel —NUS €. (93)

It should be noted that in the case of the usual gauge theory this is

precisely of the form of the familiar gauge transformation .

(for A¥ ~ A with V¥ = 0) .
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O Gauge Fixing:

Just like in the case of a single constraint, we add m additional constraints to
pick out the true physical phase space:

©%“(p;,q") = 0 a=12,...,m. (94)

Since the new surface must intersect the original constraint sufrace we need to

require
60 = {0, T3}’ 40  Va,"€". (95)

so that on any tranjectory the value of ®® must be changing.
In other words, the matrix {©%, T3} need not have zero eigenvalue. Thus we

demand
det {©*, T3} #0 (96)

Note that ®“'s do not form any involutive algebra.
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Let us collect all the 2m constraints and define

L-(g). o7

Cap = {7Za, T} . (98)

Then by looking at the structure of Cy one can show that det C' # 0.

Excercise Prove this fact.

To enforce the additional constraints, we introduce m Lagrange multipliers 5\5

for ®2. The action can be written as

S [q,p, A, 5\} = /dt (pz-qi — Hy + AT, + Xa@a) (99)

= [ dt(pid' — Ho+€°T,) (100
where £ = (;;) (101)
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The dimension of the physical space is 2(n — m).

O Equations of motion and emergence of the Dirac bracket:

Variations with respect to q, p and £ lead to the following equations of motion:

op; : 0= qZ — OH, + 87;€a , (102)
Op; Op;
5qi . 0= —pz — aHO + 87;€a ’ (103)
0q* 0q*
56% 1 0=Tu(p,q). (104)

Since the last condition should not change in time, we have

a1, 37;_'_ .07,
dt _pzapi a oqt

(105)
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Substituting the expressions for p; and ¢*, this becomes

_ (_8H0 n o7, b) 07, n <8H0 B 6’17,€b> 07,
dq"  9q'" ) Op; dp; Op; ) 0¢
= —{Ho, 7o} — {70, Tp} &
= — {Hy, 7.} — Cupt°. (106)

Since the matrix Cp is invertible we can solve for £€* uniquely and get
£ = C° {7y, Hy} . (107)
Putting this back into the equations of motion, we find

qi — {qiaHO} — {qia%} C {’17)7 HO}

= {¢', Ho}, , (108)
ﬁi — {pia HO} - {piv ,1:1,} Cab {’17)9 HO}
= {pi, Ho}p - (109)

Therefore, the equations of motion are generated precisely by the Dirac
bracket.
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3 Dirac’s theory of constrained systems

Up until now we have been considering constrained Hamiltonian systems. We

now study how constraints arise in Lagrangian formulation.

Questions:

¢ When do we get constraints?

¢ How to find constraints systematically?

Dirac’s theory gives the answer.

3.1 Singular Lagrangian and primary constraints

O Singular Lagrangian:
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Consider a Lagrangian of the form
L = ;d'aii(9)¢° + ¢'bi(q) — V(q) (110)
a;; = aj; symmetric (111)

The momentum conjugate to g* is

pi = aij(q)¢’ + bi(q), (112)
or  a;j(q)¢’ = p; — bi(q) - (113)

When the matrix a;;(q) is singular, then ¢ cannot be solved in terms of p
uniquely. Such a Lagrangian is called singular.

In this case, a;;(q) has zero eigenvalues. Let v* (@ = 1,2,...,m1) be zero

eigenvectors. Then,

0 = v}aii(q) = v (pi — bi(q)) = ¢a(p,q) , (114)
and we have so called the primary constraints.
¢ They arise entirely from the definition of the momenta and therefore may not

be compatible with the equations of motion.
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Special but important case of a singular Lagrangian:

First order system: [t may sometimes happen that a;; = O so that there
are no quadratic kinetic term. In this case, we get the primary constraints of the

form

pi —bi(q) =0 (115)

This occurs for the Dirac equation, which therefore is a constrained system.

We will describe how it should be properly quantized later.
O Canonical Hamiltonian:

Lte us construct the Hamiltonian in the usual way:

Hcan — pzqz — L(q’ q) (116)

It is called the canonical Hamiltonian. As is well known, H .4, is a function
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only of p and g and does not depend on ¢q. To check this, take the variation:

i g OL_, OL_,
O0H ., = 0piq" + pidq' — —0q" — ——09g
0q* 0q*
y oL .
= q'0p; — —0q". (117)
0q*

Hence 8G° does not appear in 8 H .4, and we have BHcan/qu = 0.

3.2 Compatibility of the primary constraints and the Hamiltonian

Previously, we assumed the compatibility of the constraints ¢, with the Hamil-

tonian H , which is expressed as

{(rbaaH} ~ 0. (118)

If it is not automatically met, we have to impose these conditions for a consis-

tent theory.

This in general produces further constraints.
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To perform this analysis, we must note that because of the existence of the
primary constraints the following Hamiltonian, called the total Hamiltonian, is

as good as the canonical one:

Hp = Hean + AP, @) Pa(p,q) (119)

In fact, its variation 8 Hr is identical to  H,q,, because ¢, = d¢, = 0° and
the solutions of the equations of motions derived from Hy for any A® extremize

the action. The equations of motion read, after setting ¢, = O,

BHCCL’I’L 8¢a

= — )\ : 120

1 op; i op; (120)
8-H-CCL’I’L 8 a

pi = ———— — A° ¢. (121)
0q* 0q*

Remembering that Poisson brackets are computed without enforcing constraints,

3Since ¢, = 0 should be enforced, its variation must also be zero. In other words, the variation must
be such that d¢, = 0 must hold.
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we can write this as

d' = {a"s Hean} + X*{d’, da} (122)
ﬁi {pi7 Hcan} _l_ )\a {pia ¢a} . (123>

In the sense of weak equality, this can be written also as

qz ~ {qiaHT} ’ <124)
p' ~ {pi, Hr} . (125)

Compatibility with Hy:

Now we check the compatibility, 7.e. , the invariance of the constraint surface,

call it 324, as the system evolves according to Hp. This reads

(*) 0 ~ {¢a7 HT} — {Qbaa Hcan} + >\b {qbaa ¢b} . (126>

Let the rank of {¢,, dp} on 31 be ry. Then by forming appropriate linear
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combinations of {¢,}, we can bring it to the form

wnod = (57 0] (127)
Cba — (d)aa CbA)a (128)

a=12,...,7m, A=ri+1,...,m; (129

(i) For the subspace corresponding to the subscript a;, we can use the inverse of

Co to solve for the mulitiplier from (x):
AY = —C*P {®s, Hean} (130)
(C* = (C")ap) (131)

(ii) For the subspace corresponding to the subscript A, (*) demands the com-

patibility

{quchan} ~ 0. (132)

LHS can contain parts which cannot be written as a linear combination of pri-
mary constraints.
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Then we must impose certain number, M- of secondary constraints. Con-

straint surface now becomes a more restricted one 31 .

At this stage, primary and the secondary constraints must be re-

garded on the same footing and we re-set

¢, = all the constraints a=1,2,...,m; + mo,(133)

and repeat the analysis again with of course new Hr.

Continue until no new constraints are generated.

¢ For a system with a finite degrees of freedom, this process obviously terminates

after a finite number of steps.

¢ In the case of field theory, where we have infinite degrees of freedom, it
may require infinite steps. However, we only need finite steps if the Poisson
brackets always contain d (€ — %) so that we only get local constraints.
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¢ We then end up with m constraints

Go : a+1,2,....m (134)
m=m;+ms+---<2n (135)
(2n = dim. of the original phase space)
r=r1+ro+---<m. (136)

Using (130), the total Hamiltonian will be of the form

HT — Hcan - ¢acaﬁ {(bﬁa Hcan} + d)A)‘A (137>

|t is easy to check that for all the constraints, Poisson bracket with H produces

a linear combination of constraints and hence weakly vanish:

{¢a7 HT} — beVab ~ 0. (138)
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3.3 1st and 2nd class functions and quantization procedure

It is important to introduce the notion of the first and the second class
functions (constraints).

A function R(q, p) is classified as either 1st class or 2nd class according to:

1st class <= {R, ¢,} ~ 0 for all constraints ¢,

> {R, ¢.} = dur, (139)
2nd class <> otherwise (140)
Then we have
Theorem:
R,S: 1stclass — {R,S}: 1st class (141)

Proof is easy using the Jacobi identity for Poisson bracket. Thus the 1st class
constraints form a closed (involutive) algebra under Poisson bracket oper-

ation.
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O Quantization with the second class constraints:

There are several methods:

¢ (1) Solve the second class constraints explicitly and eliminate unphysical
coordinates.

However, in general this is difficult and spoils manifest symmetries.

¢ (2) Use the Dirac bracket (as discussed in Chapter 2) and replace it with

the quantum bracket in the following way:
quantum bracket = [qi,pj] = th {qi,Pj}D (142)

¢ (3) Use path-integral formalism as already discussed.

O Quantization with the first class constraints:

Since 1st class constraints generate gauge transformations, we must either fix

the gauge or select gauge invariant physical states by imposing these constraints.
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More explicitly,

1. Add gauge-fixing constraints to make them second class and then

use the methods above.

2. Replace the usual Poisson bracket with quantum bracket (with appropriate 2/

factor) and then impose them on physical states.

Sal®) = 0 (143)

In this approach, operator ordering is an important problem.

For compatibility, we must have

[¢a9 ¢b] |\Il> =0 (144)
and for this purpose, one must find an ordering such that
(Pas Pb] = Ugyde (145)

holds i.e. ¢ appears to the right of Uy, .
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When there does not exist any such ordering, then the system becoms incon-

sistent and it is said to possess quantum commutator anomaly.

3.4 Application to abelian gauge theory

We now apply the Dirac’s theory to the Maxwell field and see how it works.
O Analysis of constraints:

Lagrangian:

1
L= — / d’zF,, F" (146)
F,, =08,A, —8,A, (147)

Momentum II* conjugate to A,:
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Vary with respect to Au:
6L = —; [ d*zF"éF,
> — / d’zF"8F,y > / d*xF"§ A, (148)

Therefore we get

(x) II* = F*0  (149)

Equal time Poisson bracket:

{Au(z), I"(y)} = 9,6(x — y) (150)

where £ means & and the d-function is the 3-dimensional one.

Now from (%) above, we get the following primary constraint since F% = 0:

I’ =0 (151)
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Form of H,.4pn:

Hcan = /d?’;cl_[”AM,o — L

: | :
= / d3:1: onAi,O —|——Fz3Fij + %FzOFiO (152>
(%) :
Rewrite ():

(%) = F°(A; 0 — Ag;) + FPAg; = —F"°F g+ F*Ay;  (153)
Putting this back in and using the definition of the momentum we get

1_ .. . .
Hcan = /d?’w (ZFZJFZ'J' —|— %Hsz — AOBJP> (154)

Compatibility of IIY = 0 with H_4,:

We must demand {HO, Hcan} ~ 0. This immediately gives the Gauss law

constraint as a secondary constraint:
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G=0II'=0 (155)

Compatibility of G = 0 with H,,:

Prepare some formulas

{Ao(z),G(y)} =0 (156)
(11°(2), G(y)} = 0 157
(Ai@).60)} = 510 0w) =00 —y) (159
{Il’(x),G(y)} = 5 A W) =0 (159)

{G(x),G(y)} =0 (160)

¢ Note that the second equation tells us that the multiplier X in the term AG

in Ht is not determined.
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H is given by
Hr = H.on + NG (161)
Taking the Poisson bracket with TI°, we get
{I1°, Hy} = {I1°, Heor } + X{1F?, G} (162)

so that A\ is not determined.

¢ The 3rd equation expresses the gauge transformation of A;. Indeed, intro-

ducing the gauge parameter A(y), we have
{ai@), [6wrw}| = [ awaworsa )

_ / dydA(y)d(z — y) = — A ()
(163)
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Now let us compute { Hlean, G(y)} making use of these formulas.
(Hean ) = [ @2 { P Fu(@) + 10 @), 6(0) |
~ [ da}Fit@) {Fa(@), 6w)} (164)
But

{Fjr(z),G(y)} = {9;Ar(z) — OrA;(x),G(y)}
— 0 {Ay(2),G(»)} — O {A;(2), G(»)}
= 870)6(x — y) — 0;06(x — y)
= —079,6(x —y) + 0;076(x —y) =0 (165

Thus we have { Hcu1n, G(y)} = 0 identically and no new constraints are gen-
erated. So actually H.,,, is already Hr.
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O Coulomb gauge-fixing and the Dirac bracket:

Let us denote the two 1st class constraints by

¢1(z) =I’(x) =0 (166)

¢3(x) = G(x) =0 (167)
Let us take the Coulomb gauge by adding the following two additional con-
straints:

¢2(x) = Ag(x) =0 (168)

P4(x) = 0;A'(x) =0 (169)

Non-vanishing Poisson brackets among them are

{p1(2), pa2(x)} = —0(x — y) (170)
{93(x), pa(x) } = {871Hi($)7 8jAj(y)}

= 070¢ {I'(x), Al (y)} = 878Y(—d(x — y))

= 828(x — y) (17)
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Therefore

Cav(z,y) = {Pa(x), P(y)} = (f;,l fé)

where = 0 —0(@ —y)
| Z - Eé(w _Oy) ‘%5(52 2 y)
—80%5(x — y) 0

It's inverse is given by

where

9;D(x —y) =d(x —y)
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o(x —y)\ _
0
—D(z — y)
0 ")

(172)
(173)

(174)

(175)
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Now we can compute the basic Dirac bracket:
{AY(2), 11(y) },, = 8;0(z — y)
— [ dud®v {Ai(@), $u(w)} C(u, ) {$4(0), T ()}

= 5;5(m —vy)
_ / d*ud®v { A'(x), ¢3(u) } C*(u, v) {pa(v), TL;(y)}
= 5;.5(33 —vy)

_ /d3ud3v (—0:8(z — u)) (—D(u — v)) (—6?6(?) — y))

. 0'9; B _
= |0; — 52 0(x — y) = transverse d-function

(178)

We can check that the gauge condition and the Gauss law are satisfied due to

constsys-67



the transversality of the d-function:

87 {Ai(x),TL(y) } , = 0 (179)
83 { Al(2), TI;(y)},, = 0 (150)

4 More general formulation of Batalin, Fradkin and Vilko-
visky

4.1 General gauge fixing, including relativistic gauges

A big problem with the formulation using the Dirac bracket:

One cannot handle relativistic gauge fixing.

Example : Lorentz gauge in QED. The constraint is

@ =9,A"=A"+9;A"=0. (181)

This involves a time derivative of a mulitiplier A°.
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( Recall that no time derivative of A( appears in the Lagrangian and, when the
Hamiltonian is formed, A appears as the Lagrange multiplier for the Gauss law

constraint.)

Thus, in a relativistic formulation, we want to consider a general gauge fixing

function of the form

O% = O%(q,p, A\, A\, ), (182)

where A corresponds to A° and we may want to take A\, to be the
mulitiplier for O¢ itself.

So one writes down the action

S [Cb D, >‘7 5‘} — /dt (pzqz T HO + AaTa(qap) + xa@a(qapa )‘7 j‘a 5‘)) *
(183)

But in this form, in general A, is no longer a multiplier since it may

appear also in O,
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More crucially, A* and A\, (@ = 1 ~ m) can become conjugate
to each other. In such a case, the dimension of the phase space becomes

2(n + m) and not the correct value 2(n — m). (2n =the original dim.

of the phase space. )
We must consider a mechanism to kill 4m excess degrees of freedom.

4.2 Introduction of the ghost system

For definiteness, we shall deal with the gauge fixing constraint of the form

% = A% + F*(¢,p, A, A) . (184)

The action then becomes

S [Cbp, >\7 5\} — /dt (p,qz + S\aj\a — Hy + )\O‘Ta + Xaf'a)
(185)
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Note that clearly the A, are momenta conjugate to A,.

Now group various functions in the following way:

* = (¢, %), A=12,....,n+m (186)
pPA = (piaj‘a) ’ (187)
Gy = (Tnyida) , (188)

(189)

X® = (ix%, F9).

Then the action can be written more compactly as

S [qA,pA} = /dt (pAqA — H() — ’I:Gaxa) (190)

To kill the unwanted degrees of freedom, we introduce 2m fermionic ghost-

anti-ghost conjugate pairs:
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(%, ©a) 5

{?7“, @b} — 5((;7

a=1,2,...,2m, (191)
777b} — {K‘)a’ K‘)b} =0

{n"

(192)

Later, we will often use the further decomposition of (1%, g4),

a

N
a

(n*,n%),
(@)aa @a)

O Graded Poisson bracket:

a=1~m

To deal with the fermionic degrees of freedom, we need to generalize the concept

of Poisson bracket. The general definition of graded-Poisson bracket is

{F,G} = (0F/0Q*)(8/0P4)G — (—1)FIC(aG /0Q*)(8/0P4)F,

0
7l = {3

F’ is bosonic

F' is fermionic

Y

(193)
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where (OF/0Q™) represents the right-derivative FBQLA' So more explicit

representation is

] ]
{F,G}=F G — (-1)Fli¢lg F (194)
dQAOP, 0QA0P,

(Q4, P4) denotes all the conjugate pairs including ghosts, A® and
Ao. This definition is consistent with the Poisson brackets for n® and gy given
above.

An important property of the graded Poisson bracket is the graded Jacobi

identity. It can be written as

{Aa {Bv C}} — {{Aa B} 9 C} + (_1)|A||B| {Ba {Av C}} .
(195)

Exercise: Check this property. (It is rather non-trivial.)
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4.3 Batalin-Vilkovisky theorem

Now we modify our action by adding [ dt(gp.n* — AH) :
S = /dt (pAqA + pon® — H) , (196)
H = Hy+iG,x*+ AH . (197)

The problem is to find the appropriate AH which makes this
system equivalent to the canonical system described solely in

terms of the physical degrees of freedom.

The basic theorem for solving this problem is the following due to Batalin and
Vilkovisky:
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4.3.1 BV Theorem

Assume that the set of functions GG, are algebraically independent* and

satisfy the involutive algebra:

{Gaa Gb}
{HOa Ga}

G.US (198
G,V  (199)

Let W (g, pa, n%, ) be an arbitrary fermionic function, to be called
gauge fermion (fermionic gauge-fixing function).

Then the following functional integral is independent of the choice of W:

Tt means that Y., GaA4, =0 = A, = 0.
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Zy = / dq dp dn dp > (200)

S\I, = /dt (pAqA + g)a’f]a — H\I;) (201)
Hy = Hp+ PaV}f’nb + i{\Pa Q} 9 (202)
Q= Gn®+ %(—1)|a|ang‘cncnb . (203)

() is called the BRST operator.

(Be careful about the order of the indices of last two n’s.)

¢ The definition above is valid for a mixed system of bosonic and
fermionic constraints G .
la| is 0 if G is bosonic and is 1 if G, is fermionic. Accordingly, the ghosts are

fermionic for the former and bosonic for the latter.
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Remark: For the case at hand with G, = (T, i\, ), the involutive algebra

is extended. This extension however is rather trivial since T, and H are assumed

to be functions only of (g, p) and hence i\, is completely inert.

Typical example of W:  The often used form of W is

U = p. X" = 1o A" + 9o F™ (204)

Then by computing {W, 2}, we get
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Hy = Hy+iGox*+ AH = Hy — T, \* — A\ F*+ AH
(205)

AH = p,V'n® + i{@a {x* Gp} n° + px"USN°

—apn {X* U2} ncnd} (206)

Note that in general four-ghost interaction is present.
For the usual Yang-Mills theory there are no such terms since the “structure

constants” Ué’d are indeed constant and {X“, Ué’d} = 0.
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4.3.2 Proof of the BV Theorem

For simplicity, we will deal only with the case where the constraints are all

bosonic and hence n* are all fermionic.

To prove the BV theorem, we first derive some crucial identities. We will use the

following notations:

G = G.mn*, V°=Vsn’, (207)
U = Ugn®, U*=Un"n°  (208)

® They are very similar to _differential forms, with n playing the role of da*.

® Note that the b, ¢ indices in U® are contracted oppositely to the ones in the

definition of €. (This leads to the minus sign below in €2.)

Then we have
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o)
|

= G — pU%, (209)
Hy = Hy+ p,V*+i{¥,Q} . (210

O Representation of the gauge algebra:

The first set of identities, which follow directly from the definitions above and

the constraint algebra, are

(1) {G.,G}=GU., (211)

(2) {G,G} =2G.U", (212)
(3)  {Ho G} =G.V*. (213)
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O First-level Jacobi identities:

Now we prove what we call the first-level Jacobi identities:

(fa)  {G,U"} = U;U?, (214)
(Ib) {G,V*} = VU - UV® + {H,, U%}
(215)

These are called the first-level because they follow from the Jacobi identity for

the Poisson brackets involving the constraints and H alone.

Proof of (Ia):
Consider the double Poisson bracket {{G, G} , G}. Since G is fermionic,
the graded Jacobi identity tells us

{{Ga G} ’ G} — {Ga {Ga G}} - {{Ga G} ’ G}
— {{Ga G} ’ G} — {{Ga G} ’ G} =0 (216>
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On the other hand, using (2) we get
{{G,G},G} = 2{G,U% G}
= 2{G,,G}U* 4+ 2G, {U% G}
= 2G, (U;U® + {U*,G}) . (217)

Since GG,'s are assumed to be algebraically independent, for this to vanish we
must have the identity (Ia). //

Proof of (Ib):
Similarly consider {G, { Hy, G} } and compute this in two ways. One way is to

use the Jacobi identity for the Poisson brackets. The other way is to compute it

directly using (3). Equating them we easily get (ID).

Excercise: Show this explilcitly.
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O Second-level Jacobi identities:

Next, we will prove the second-level Jacobi identities:

(IIa) {U*,U"} =0, (218)
(I1b) {U*,v*} =o0. (219)
These are called the second-level because they are relations between the
coefficients of the constraint algebra and are derived using the Poisson

bracket Jacobi identities with U or V in one of the slots and the first-level

Jacobi identities.

Proof of (II1a):

We consider the double Poisson bracket {{G, G} ,U*®}. By using the Jacobi

constsys-83



identity (note U“ is bosonic) we can write this as
UG, G, U = {G,{G, U} + ({6, U}, G}
= 2{G,{G,U"}}
= 2{G, U2} U" - 207 {G,U"} , (220)
where in the last line we used (Ia).

On the other hand, using (2) we get

{{G, G}, U} = 2{GyU*, U*}
= 2G, {U% U} + 2{G,, U} U"*.  (221)

Equating these, we get

(x) {G,UU°—U{G, Uy} = G, {U*, U*} + {Gs, U} U"
(222)

To go further, we consider the Jacobi identity

0= {{Ga G} ’ Ga} — {{G’ Ga} ) G} + {{Ga? G} ’ G} (223>
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After some calculations, this Jacobi identity becomes
G. (USU" 4+ {U% G} — UU: + {U;,G}) = 0. (224)
Using the linear independence of G, we obtain
UsU® + {U°, G} — UU? + {US,G} = 0. (225)

Now mulitiply this from right by U®. Then the first term vanishes due to the

antisymmetry of U5, in @ <= b and the result is
{U°,G,}U* — UUU* + {US, G} U* = 0. (226)
Substituting this into (*), we get {U%, U} = 0. //

Proof of (I11b):
It is obtained similarly by considering {{G, G} ,V*}.

Excercise:  Supply the details.
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O Proof of 3 fundamental relations:

We are now ready to prove the following three important relations:

(@) {2,Q}=0, (227)
(b) {{lea Q} ’ Q} =0, <228)
(©) {Hy+ @V%Q}=0. (220

Proofs of these relations are straightforward using the formulas already developed.

We only show how (a) is proved as an example.

Proof of (a):

Since €2 is fermionic, this is a non-trivial relation. Recalling Q@ = G — o U?,
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we have
{Q,0} = {G — pU* G — U}
= {G,G} —2{G,p U} + {@aUaa @bUb}
(2) gives
{G,G} = 2G, U".
Using (Ia), the second term of (230) becomes
—2{G,p U}t = —2{G, 0.} U* + 20, {G,U"}
= —2GU" + 2p,UU".
As for the third term of (230), we use (IIa) and get
{0U% 0oU"} = {paU% 00} U° — g1 {pU% U}
£a {Uaa pb} Ub — &b {@a’ Ub} U“
20 {U", 0o} U°

= —2p,UU".
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Adding all the contributions, we get {Q2,Q2} = 0. //
O ¥ independence of Zy :

Finally we show the W-independence of Zg to finish the proof of the BV theo-

rem.

Collectively denote all the variables by ¢ = (g, p, 17, o) and make a change

of variables corresponding to the BRST transformation

p — p=p+{p,Q}p (234)

¢ 1 is a time-independent fermionic parameter, which nevertheless may depend

functionally on the dynamical variables.
¢ It is easy to show that the action is invariant. First
5 [ dt(pad?+ pui”) = [ dt(spad? ~ pasa

+8pai® — padn®),  (235)
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where we used integration by parts. Now insert the change of variables:

6g* = {q",Q}p = g—zu, (236)
opa = {pa, L} p = _5—;24“’ (237)
on* ={n*, Q}u = (9/0p,)  ( left derivative ), (238)
00 = {Pa> 2} p = (0Q/ONn*)  ( right derivative ). (239)

Assuming no contributions from the boundary, we get

5 / dt (pAdA + mﬁ“)

o ., . 09 o a
= /dt<—uq“‘ — Pag—p + (892/0n*)un® — @a(a/apa)ﬂu>

O0g4 opa
o2 o
= = [t @ B+ (9900 + 9u(0/09.)9 |
0q Opa
- / at™2, — o (240)

constsys-89



¢ Next, the Hamiltonian is invariant since  Hy = {Hg, 2} p = 0.

¢ What remains is the transformation property of the functional measure. The

Jacobian is given by

ap = |J|de, 241)

OGI

J| = det 22

0p*

0 .
= det (1 4+ — J, 0 . 242
( +8QOZ ({¥, }u)> (242)
Since it will suffice to consider small pt, we can expand

det (1+ A) = T+ — 7 4 Tr A 4.... (243)
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So we get

1+8iqA({qAaﬂ}.u')+8ipA({pAaQ}u')+'”

.2 (fm >+a ( Gy >+
~ T agA\apa) T opa \ T aga"

o) ou o) ou
Opadgr  DqAdpa "
4 (8;1, o} B ou 89) L
9qAdps Opadq”
1 — {p, 2}
~ o 1w} — Li(i{p,}) (244)

|1

Now let us choose
= /dt(\IJ’ _ W) (245)
where W’ is infinitesimally different from W. Then, we have
dp = dcpez'fdt(i{\IJ’,ﬂ}—i{\Il,Q}) . (246)

constsys-91



Inserting it into the functional integral, we prove

Zy = Zy |/ (247)
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4.4 Proof of unitarity: Equivalence with canonical functional Integral

Having proved the BV theorem, we now prove the equivalence with the canonical
functional integral, 7.e. the functional integral involving only the physical
degrees of freedom.

The proof proceeds in two steps.
O First step:

The first step is to derive a convenient representation of the physical path

integral.

Let us make a canonical transformation® of the form

(pi,q") — (P}, q*"), i=1~n (248)

where the new coordinates (g**, p});—1~n are split into the

SCanonical transformation is the one which does not change the standard form of the symplectic struc-
ture. Namely, w = >, dp; A dq; = Y, dp* A dg**.
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physical part (g*", P} )u=1~n—m and the unphysical part (g*%, P )a=1~m.
Moreover, we take p” to be the gauge-fixing constraints themselves,

namely

p; =07, B=1~m (249)

Then, since canonical transformation does not change the Poisson bracket struc-

ture, we have (recall T}, are the constraints)

oT, ) ,
det 5 = det {Ta,pﬁ} = det {T,, ®°} # 0 (250)

By assumption, ©F are chosen so that this holds at every point in the phase

space.
This then guarantees that using the m constraints T, (p*, q*) = 0 one can
solve for the m variables g*® in terms of the rest.

For example, consider the constraints near the point where g*® are very small.
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Then

(87

oq*P

0 = To(p*, ¢**, q*°) = Tn(p*, ¢**, 0) + (p*, ¢**,0)g*” (251)

0Ty
dq*P

Since the matrix Mg = (p*, ¢**, 0) is invertible, we can solve for g** as

q*a — —(M_l)a’@Tg(p*, q*u, 0) (252)

Since this can be continued away from the origin of g**, we conclude that we

can always solve g*® in terms of the other variables:

Now the physical partition function Z* is given by

J16(a* — a** (g™, p)) (254)
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Note that because of the presence of the d-functions | [ §(pj;), we can drop the

dependence on pg in the expression of ¢g*¢, so that p7 — p’.

Finally, we will make use of the following :
e The Liouville measure is invariant. That is [[(dp}dq**) = [[(dpidq").

® The last d-function can be rewritten as

[]6(a* — a** (g™, p})) || 6(p})
oT

= ][ 6(Tw)det (aq:;) []6@5)
= |[ 6(Tw)det {T,,0°} || 6(©°) (255)

We then finally obtain a useful form of the physical partition function
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7Z* = / H(dp,-dqi) H o(T,) H 5(@ﬂ)det {Ta, @B} ot J dt(pig'—Hy)

Clearly this form is quite natural.
O Second Step:

We now want to prove that the above form is reproduced from the BV theorem.

In the BV theorem, let us take the gauge fixing function to be of the form
O% = A\* 4+ F%(q,p) (256)
It is convenient to divide the ghosts as

n® = (ﬁaa "70‘) ’ £2a — (@aa K‘)a) (257)
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Then the BV action takes the form
where

Hy = Hy — T > — A\JF*+ AH (259)

AH = p, V" +i|pa {x% G} n* + pXxUS,N"

—app {X* U2} ncnd] (260)

Recalling the extended definitions of G4, x* (as in (188) and (189)), V,* and

U?,, we can write each term in AH more explicitly:

g‘)a‘/ba'nb — @avﬁarlﬁ (261)

0 {X% G} 11° = —pai® + 9, {F", Ts}n®  (262)
X" Ugn” = 9iXUlgn” (263)

a Ub c._d — 5 :F'Oz UB Y a0 264

Pa {X UL 1" = Gaps { F*ULst 1'n (264)
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We now make the following rescaling by a global parameter €, which will

be taken to zero:

1

(1) F*— -F“ (265)
€

(1) Ao — €Aq (266)

(111) Pa — €Pa (267)

@ The functional measure is invariant since (ii) and (iii) are bosonic and fermionic

and the factors of € cancel.

e The purpose of this rescaling is to get rid of the terms Ao\ and
gf)aﬁa, which scale like € and vanish as € — 0. All the other terms in the action

remain unchanged.

e Now since 7* has dissappeared, 7 only appears as — a7 in (262).
Thus upon integration over %, we get (g ).
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This in turn allows us to integrate out g, and the action simplifies drastically to
Sy = [ dt(pid’ = Ho+ TX" + XaF® = i {F*, Ty} )
(268)

Now upon integration over {, and n?, we get det {Ta, .7-'5}. Thus
we precisely get the canonical path integral with the gauge-fixing
function ©“ replaced by F*(q,p). ¢.e.d.

Remark: In the application to non-abelian gauge theory, to retain the rela-

tivistic form, we will not perform the rescaling and simply integrate out g,. The

details will be discussed later.

5 Application to non-abelian gauge theory

In this chapter, we apply the methods developed previously to the important case
of non-abelian gauge theory.
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5.1 Dirac’s Method

First, we make use of the Dirac’s method. The basic procedure is the same as

the abelian case already described but the details are more involved.

For simplicity, we take the gauge group GG to be compact and normalize the
group metric to be of the form g,, = 04p. Thus as far as the group indices are
concerned, we need not distinguish upper and lower ones. Where convenient, we

will use the notations

A-B = A°B,, (269)
(A X B)y = farcA’B°. (270)

Due to the complete antisymmetry of the structure constant, we have the cyclic

identity

A-(BxC)=B:-(CxA)=C-(AxB). (271)
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O Conjugate momenta and the basic Poisson bracket:

The Lagrangian is given by
1
L = — / d’z F,, - F", (272)
F,, =A,,—A,,+gA, X A,. (273)

We will regard AZ as our fundamental variables. The conjugate momenta are

found by the variation with respect to AZ = AZ "

6L = —; [d*z F,, - 6F"
= —|—/d3:13 F'LLO(SA“,O
" = F*0. (274)
The equal time (ET) Poisson bracket is defined by
{An@), )} = 576:6(F - 9) . (275)
From (274) we get the primary constraints:
) = FX=0. (276)
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O Canonical Hamiltonian:

The canonical Hamiltonian is given by

Heon = / Pz 11" - A,o— L

— / d*z (Fio - Ajo + inj - Fyj + $F© . Fi(,) . (277)
Rewriting the first term as
FP.A; g = F°-(Ajo— Agi+9gAox A;)) + F*+ Ag; — gF* - (Ag X A))
= —FY.Fo+ F°- Ay, — gF" . (Ay X A;), (278)
we get

( F9.Fy; —1F0. Fy 4 F°. Ay, — gF™ . (A X Az-))

1 : :
/ d’z 415‘%7 Fjj + 3II° - TI* — Ag - | OiIT* 4+ gA; x IT* | |(279)
D;IT!
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In the last line we used integration by parts and the cyclic identity. The expression

in the parenthesis is identified as the covariant derivative:
D,IT* = §,I1' + gA; x II*. (280)

Consistency between H.,, and the primary constraint Hg ~ 0 immediately

gives the secondary constraint

G = D;II' =0  (Gauss' Law constraint) (281)

Note that G does not contain IT° nor A,.
O Consistency with H.,,, and the algebra of constraints:

We must study the compatibility with H .., and the algebra of constraints. For

this purpose, let us develop some identities. First from the basic Poisson bracket,
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we have (all the bracktes are at equal time)

{Ag(m)agb(y)} = 0,
{Hg(m)agb(y)} = 0,

)
[A%(2),Gu(y)} = ST %W
: )
{HZ(w)vgb(y)} = _5Ag(w)gb(y).

So to compute them, we simply vary G:

From this it follows

1A (@), Go(y)} = (DY), 0(Z — 9),
where (Diy)ab — 5ab8iy + gfabcAg(y) ’
{IT (2), Gu(y) } = gfap 1 0(Z — 7).
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For a general local function F' [A,,, IT#] we have

OF (x)
SAL(2)

{IT.(2), gb(y)}> : (290)

{F(x),G(y)} = /d32<

0F (x)
11 (2)

{Af(z)v gb(y)}
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Thus we get

(Gu@) Go(w)} = [ d* (

0Ga(x) 0G(y) B 0Gi(y) 5ga(w)>
5AX(2)dTTi(z)  5A(=) oI (=)

= /d3z {(_gfcapnzé(i — 2)) ) (Df)cb(S(Z— g)
— ((a,z) < (b, y))}
- /d3z {—gfcapﬂfo(m) (0/6cp + gferg Al (y)) 0(Z — ¥)

— ((a,z) < (b, y))}

g favcI(x) 00 (T — ¥)
_Qchapfcqu;(m)Ag(w)é(i —9) — ((a,z) < (b,y)) .

When the terms obtained by (a,x) < (b, y) is explicitly taken into account,
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the first term of O(g) becomes, omitting g fape,
I, (2)870(Z — §) + M (y)970(Z — J)
= 9Y (I (y)d(Z — §)) — I (y)8Yd(& — ¥)
— BT ()5 (7 — 7) - 201)

As for the C’)(g2) term, use the Jacobi identity for the structure constant:

.fcapfcbq — fcbpfcaq — fabc.fcpq . (292)

Therefore, we get

{Ga(x), Go(x)} = gFane (8;’"112(00) — gfepglL, () Af (fv)) o(Z — ¥)
= gfabcGc(x)d(T — Y) - (293)

Therefore, G,(x)’s form a closed local gauge algebra. (Note there is no 2

classically.)
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Next compute { Hcans Go(y) }- It is given by

{Hean, Go(y)} = P1 + Pz, (294)
P, = /d% {iij - Fj(z) + ZIT° - Hi(a;),gb(y)} :

(295)

(

P, = - [ d2 A3 {u(2). Gu(w)} - 26)

P5 has already been computed. So we concentrate on P;. From the definition
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of Poisson bracket, we have

_ 3 3 0 1 ik B (o G (y)
h = /d v /d © {Mg(z) (ZF Esi{ )) STIi ()
5gb(y) 11714 i
 §A%(2) 0TT(2) A (w))}

N / e / i {;ng(w) sz (P d(Z = 9)

+9 ferpIL, (y)8(Z — G ()5 (Z — ﬁ)} : (297)

The last term vanishes due to the antisymmetry of the structure constant. Per-

forming the functional differentiation, we get

P, = / d>x / d’z {;Fﬁafé(:r: — 2) — ;F7976(% — 2)

+5F259 facg AR (& — 2) + 5F1'g fape ATO(Z — Z)} (D}) e 6(Z — 4) -
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The first two terms in the parenthesis are identical. The next two terms are also
the same. The latter times the covariant derivative term, after z-integration,

becomes

g / Bx F* AT F,0 (8950 + g FurpAP) 8(T — F)
— g fure / &z 8Y (F* AS) (4)8(Z — )

_g? / &L focafrpFFALAP(9)S(F — ). (298)

For the last term, because of antisymmetry of F;k we can antisymmetrize with

respect to q <— p and then use the Jacobi identity
_fa,cqucp + facpfbcq — .fabcfcpq . (299)

Factoring out g fape, the terms with the common factor F;k combine together

to form F; and we get a contribution to P; of the form

G Fae / &z (B FH AL + LFRFE) 6(F — §) = gfancdiFiF A
(300)
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where the last term on the LHS vanishes due to antisymmetry of fupc.
The remaining contribution to P; reads
- [ &% 8Ff (@) (DY), 67 — )
— — / d3x 8;F" (x)8Y6 (& — )
_ / d*x 0;FF (2)g f.upALS (T — §)
= —gfabc0;F AS(y) . (301)

This precisely cancels the contribution already computed and we thus get P; = 0.

So only P remains and we finally obtain

{Hcana gb(y)} — _gfabcAggc(y) ~ 0. (302>

This shows that no new constraints are generated.
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O GGauge-fixing and the Dirac brackets:

Summarizing, we have found the following constraints:
Go(z) =) () =0 (303)
Xa(x) = Go(x) = (DiHi)a(w) =0 (304)

We may take the Coulomb gauge as in the abelian case by imposing the additional

constraints:

Pa(z) = Aga(z) =0 (305)
Xa(T) = 8;A" (x) = 0 (306)
Excercise: Compute the Dirac brackets among the fundamental variables

Afl and H;".
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5.2 Application of the BFV formalism

Next we describe the BFV method for the non-abelian gauge theory in some

detail.

5.2.1 Recollection of some notations and results

We will take the gauge-fixing constraint to be of the form

O = A\* 4+ F™ (307

As before the following notations will be employed:

qA — (qia )\a) ’ PaA = (pia 5\05) 9 (308)
G, = (Taa ixa) ’ X" = (i)‘a’ Fa) 9 (309)
?7a — ("7“» ~a) ’ a = (paa @a) . (310)
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The gauge-fermion W is taken to be of the form

U = o,x" (311)

So the gauge-fixing term in the action Sy is —2 {W, 2} where

{¥,Q} = {pux® Gn’® — 2sUlm°n?}
£a {Xaa Gb} "7b + XaGa
—Paps {x% UL} 0 + pox “USn"(312)

constsys-115



5.2.2 Assumptions relevant for gauge theories

We will consider the following case, which is relevant for non-abelian gauge the-

ories.
X" Us} =0, (313)
A, Ty} = 0, (314)
{F*, g} =0, (315)
{To, T} = T,U,;5, Rest = 0 (316)
In this case the BRST operator and the gauge-fixing term simplify as follows:
Q = Ton®™ + iXafi® — 30.U5 1°10 (317)
{2,9} = pa {ix%,ixs} 7 + Ba {F*, Tp} 0

+ig AU 1" + i Ty + iF* A,
—0af” + pao {F, TB} 776
+ig AU g1 + i Ty + iF* A (318)
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® Note that there are terms in which different types of ghosts, with and without

tilde, are mixed.
O BRST transformation of the fields:

It is easy to compute the BRST transformations of the fields:
Q = Ton® + iXaf® — 30U5 007
{paa Q} — Ta —|— @,BU57777
{Pas 2} = i, {AQ} =0 doublet

{nas @} = —5UG 0"

{¢,Q} = {¢", Tu} n® — 3pa {q"', U;;;} n’n?
° similarly for p;

{IA*,Q} = >, {n*,Q}=0 doublet
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5.2.3 Form of the Action

With the above expression for the gauge fixing term, the action takes the form

S = /dt<piq + ©an” + Pan” — Ho + ATy + An©
(%)
+ipall® —ipa {F* Ta} 1° + AU 50" ) : (319)
(%)
e Note that F*\, term got combined with A\ (contained in psg?) to

form precisely A\, ©%.

5.2.4 Simplification of Ghost Sector

We now simplify the ghost sector by integrating over g.,. Then we get the

O-function

6(n™ +in* + Ug A n). (320)
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Solving for n® we get
7" = i (7% + UEA"Y) = i(Do(\)n)° (321)

Eliminating 7 using this expression, the remaining ghost sector ( () parts in

(319) ) becomes
100 (Do(A)n)™ — ipa {F*, Tp} 776 y (322)

Note that we now have a second order system (i.e. with two derivatives).

For convenience, we will rename the ghost variables:

©Pa — Cq (323)
n* — c° (324)

Action now takes the form suitable for gauge theories:
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S = / dt <pz-qi — Hy + \°T, + 1,0

— i&, (Do(N)e)® — i {F*, T5} cﬁ> (325)

O A remark on this form of the action:

It is instructive to compute the Hamiltonian from this action.
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The conjugate momenta are (using right-derivatives )

e = Ao (326)

I1, = p; (327)
Moo = —iCqy (328)
Iz, = i(Do(A)c)® = i(¢™ + Ug N°c) (329)

Then the Hamiltonian is easily computed as
_ 1
H = Hy— AT — Ay F* 4+ 1l (TH— — Ug )\BCV)
)
— iCq [F*, Tp] c° (330)

If we go back to the original notation, such as ¢ — 1N etc., we notice that
this is precisely the one given by (319). In this sense, as far as the ghost sector

is concerned, (325) can be considered as the the Lagrangian form.

This of course is not surprising: One can go from the Hamiltonian to the La-

grangian formulation by integratin gover the momentum.
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5.2.5 The case of Feynman gauge

To obtain the ususal Feynman gauge action, we take F“ to be of the form

F* = (F*,Fy), (331)
F* = 8iAL+ X, (332)
F§ = mAS, (333)

Here and hereafter, the index “a” represents the gauge index.
Also we introduced an arbitrary mass scale m so that the dimensions of F¢ and

F agree.

As for Ty, and the ghosts, we have
To = (gaamng) ) (334)
c® = (c%cy) . (335)

Again, we introduced a mass scale m for dimensional purpose.
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O Calculation of {F“,Gs}:

Let us compute the components of {F <, Ggz}.
First

{F(2), G(y)} = {8:A,(2),Gu(y)}
= —0; {A?’(w), 91T (y) + gfbch§(y)Hiz(y)}
= —070,0,0(Z — §) + 9farc ALDTO (T — 7).
(336)
Thus,
e {F* Gy} c® = — / d*zc®; (0'6¢ — g fabcAl)
= — / d3xc9;(D'c)”. (337)
The other non-vanishing component is
{Fo (@), G,(y)} = m* {Aj(=), IL;(y) }

= m?66(% — ¥) - (338)
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Therefore,
e {Fe, Gl e = /dga:c m’cl . (339)
O Integration over some of the momenta:
Putting altogether, the action becomes,
S = / d%{ngAg — Hy(IT, A;) + \*(D;I1%)*
HIIG(AG + mAg) + A(AG + mAg)
+Xa (5\“ + 9; AL + %&)
+1e (87 — m?)c§ + i€, (8o(D°(N)§ + 8;(D")}) cb} :
(340)

¢ Integration over H’; for the first line gives back the original Lagrangian where
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A? plays the role of Ag:

. . | 1
[T, A7 — Ho(IT', A;) + A*(DAI)* = Lo =~ F" - F,.

(341)
¢ Integration over Hg and 5\2 gives two d-functions.
Further integration over AJ reduces this to
5 (07 — mH)A2) . 342

¢ Note that (cg, ) are free and integration produces the determinant det (87 —

m?). This exactly cancels its inverse coming from integration over Ap-

Through these procedures, we finally obtain the familiar form
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s= [a2d tpw.r 2B (040 +%B
= £r 1 uu"‘ a n a+2 a

n iaaau(puc)a} . (343)

where we have set B, = \,.

5.2.6 A remark on non-relativistic gauges

When we carefully look at the proof of W independence in the BFV formalism, we
notice that it hinges on the completeness of the ghost and the Lagrange
multiplier system as dynamical variables. This means that we must keep
A piece in O,
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However, once W independence is proven, we can go to the non-

relativistic gauges such as the Coulomb gauge by a limiting procedure.

Specifically, we take

1.
O = ZAT 4 77, (344)

and consider the limit & — oco. In this case, we have (1/€)AsA%, and this

leads to the following changes:

X% xs) = €95, (345)
iPafl® = i£Pail® (346)
7 = §<Do<x>n>°‘. (347)
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So in the limit & — oo, the action becomes

S = /dt{pzqz — H() + )\aTa —+ xa.’Fa — ’l:éa {.’Fa, Tlg} 0’8} .
(348)

The differences from the previous case:

¢ The time derivative terms for the ghosts vanished

¢ The gauge constraint does not contain Ao any more.

This scheme can readily be applied to the Coulomb gauge case, for example,

where

. Qo —
fa — 3zAz —|— EAG . (349)
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5.2.7 BRST transformation for the Lagrangian formulation

The BRST transformations of the fields were given before the integration over
the ghosts g, and 7.
After the integration, the space of fields becomes smaller and we must rederive

the BRST transformation property of the fields again.

We write the Lagrangian density as

1 o u, @
E —_ —ZF g F/-“/ —|— Ba(auAa —|— EBG')
—18,E,D"c” (350)

where B, = )\, = Nakanishi-Lautrup field

O Conjugate Momenta:

Let us apply the Dirac's method to this system. The part of the Lagrangian
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relevant for determining the conjugate momenta is

Lo = —iF%. Fy + B,A% — i8y¢,(D"c)? (351)
From this we read off
¢y = II3, =0 primary constraint
¢y =11 —B,=0 primary constraint
II! = —F) = F{,
M.« = —ic, using right derivative

II;, = +i(D%)" using right derivative

¢ Note that for anti-commuting fields, we must be careful about the differ-
entiation.
The ordering leading to the standard definition of Poisson bracket is pq. Thus

we must differentiate with respect to g from right.

The two primary constraints ¢ are actually second class:

{01(2), 93(v)} = {I}(2), I (y) — Bo(y)} = —05(Z — §) #0
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It is easy to check that no secondary constraints arise.
O Quantization:

Because of these constraints, in Ag-B sector, we must compute the Dirac

bracket. It is easy to convince oneself that the only non-vanishing bracket is
{Ba(w)v Ag(y)}p = {Ba(m)a Ag(y)}
_ / 4 / &w {Ba(z), $°)
X (—1)878(Z — @) {95, Ag(y) }
= —8%5(& - 7)
Therefore we find the following operator quantitzation rules:
A@), TG (y)| = i636(F — )
[AG(z), Bo(Y)| gy = 10,0(Z — §)
1c(z), Ha}pp = 16,0(Z — 9)

{Cu(x), e} pp = 16,0(Z — @)
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O BRST Transformation:

et us recall the BRST transformation rule for A? in the Hamiltonian formalism.

(To conform to the usual convention, we redefine it with a minus sign.)
spAl = — {A%(z),9)
— — [ @y {A!@), 60} pr W)

= — [ EY(ud + 9FuncAL())3(@ — vecy)'(v)
= +9ic™(z) 4 gfabcA](z)c ()
= (D;jc)* = 9;c* + g(A; X ¢)*
The most important property of the BRST transformation is its nilpotency. So
to find the transformation rule for c¢® we impose
0 = 0BéBA;
= 0;0pc® + g(éBAi X C)a + g(Az X 536)“

= 8;0c” + g(0ic X ¢)® + g(A; X dpc)® + g*((A; X ¢) X ¢)®
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This is satisfied if we define

= —zg(c X ¢)® (352)
Then the RHS becomes

—3290;(c X ¢) + g(8;ic X ¢) + g*(A; X ¢) X ¢ — 39%(A; X (¢ X ¢))
This vanishes using the Jacobi identity.

¢ Since the above derivation did not depend on the spatial nature of the index
v of A?, covariantization of the rule for the gauge potential works and we thus

define

5pA? = (Dyc)" (353)
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The nilpotency on ¢ itself can be easily checked using the Jacobi identity:

—%gég(c X c)

—%g((?Bc X ¢ —c X dpc)

— igz((cXc)Xc—cX(CXC))

53536

— %g2(c X ¢) X ¢ =0 from Jacobi

Now we come to the transformation on ¢, and B,. Since they formed a doublet
in the Hamiltonian formalism, we take
0BC, 1B, (354)
opB, = 0 (355)

Then 6% = 0 on all fields.
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O Ghost-Gauge-Fixing Term:

We take the gauge fixing functin to be of the form

Q
Fo = 0,AY + EBG (356)
and write the BRST-invariant ghost-gauge-fixing Lagrangian as
EGh—I—G’F — _idB(Eafa)
o’
= B,(0,A" + EBG) + 2C, 0, (D"c)” (357)

This is indeed the standard form. Note the 2 in front of the ghost term. Because

of this, the hermiticity of the ghosts should be assigned as

cl =¢c,, & =g, (358)

O Formalism without B, Field:

In developing perturbation theory, it is often more convenient to integrate out
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the B, field. Then we get
o 1
B.(8,A" + —B, ——(8,A")?
( H a—l_ 2 ) - 20é( & a)

As B, transformed non-trivially under BRST, we must modify the transfor-
mation law for ¢, such that new Lgp1gF should be BRST invariant. Thus

require
1
0 = g (——((‘LAZ)2 -+ iéa(D“c)a)
2c
1
= ——(0,A")9,(D"c)* 4+ 165c,0,0,(D"c)"
o
(Note dp(D*c)* = §5A* = 0.) From this we read off
0

dpC, = ——08,A" (359)
(81

which is the familiar rule.
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