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9 � Maxwell’s Equations And Electromagnetic Waves
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9.1 “Somethig Is Missing” ( �����! �"�#%$!& )

��'(�*)�

+-,/.10�2!354/687 � 2 ��9�:<;!3�=�4>6@? Coulomb 
BA�C��ED�3F$HGJIK �
'�L�M ρ �N�
) E .BO!P�Q�R<�����
divE =

ρ

ε0
(9.1)

95S!&-7T 
�+H, K-U�V 3H#�$5&B��'5?�WYX!$F#�$!&B�F'5?�W[Z
\%]�&H7H^�_>` ρ
K�a�b ��c�d�


+-e<95S!&-7 � 5 ��9�;
f/3�=�4>6E? (9.1) �J��X�$
#<$�&B9%$�&g�
'!?Fh�3-#
ZJ\>3-#
$�&5�1$i6kj�l K Charge Invariabce( mJn5o�pJqJr ) �Ys�t/3�u�$ :v \w3-#<$�&yx�z�
-'%��{�|��/}J
�4w6E?-X�$
#%$
#~Wy���g�w.B��`��<�y���<9!
 E 

�J��R��H3-#��
' KF��� �~&F
�95�<}�
H������� � W-���g���H3-#��J��&-7

X�$�#<$�&g�
' K ���>.B��&-7
�
' K�� 3-#�� � ��=�`��H���N��=�`N3�u�$�
�95�F�
'�L�M ρ �N����L�M J

K $J^
9~W[���
divJ = −∂ ρ

∂ t
(9.2)

.g��=
]�7T 
 ”  �¡�
������ ” . � 4 ��9�¢�£B¤�3
=J7

����LJM J �%c�dJ¥�?�xF¦�
��F£y� T �>. stationary current distribution( §�¨�m
©Jª«
) �1$¬687�¦�­�����RJ®�
y�~&���) K �����

curlB = µ0J (9.3)

.g��=
]�7 T 
�+�,�?�^�$�# K � 6 ��9�f�¯!=�7
T�T 9 K c�d�¥�?-°�±<]�&g�
'�RJ®���)�?J^�$
#
²%��&-7

∂ ρ/∂ t 6= 0 u�&y��'�R�® ρ(x, y, z, t) ��S!&!�-3!4w6³7F´%��µ�¶�·>.B¸w��#
¹5��3-#5$�&º�»�¼�»1½�¾ 
-�/.B²%�J#�W1¿�$�7
(??) ��4>`

∂ ρ

∂ t
6= 0

K
divJ 6= 0

.BÀ�Á�]�&-7
3H��3 (9.3) ��?/4
&�� any( Â1Ã%Ä )vector +-e/
 curl W�Å�D�¥�?FÆ>Ç (Problem 2.16 .
�/4 ) È
� �

divJ = µ0div (curlB) = 0 (9.4)
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�1u�& K�� 9!S5&-7T 
ysJt K c�dJ¥J?���'JLJMJ�J°�±�3H#�$!& ��9 K (9.3) ��� cannot be correct( ��������
	 Ä�� ) T �H.
�/3-#<$!&�7
W��
�
���(W���
�4>6*u T � K���� 3�u����-= ;
¦�­�����R�®�
-�%?
^�$�# K (9.3) ���JZ�\ does( 3H#�$5& ) 
-9��F��LJM J

K ¦�­%¥�95S
&����J?/W������ ��� �
'�L�M ρ

K c�d-°�±<]�&1��95S!&-7
T 
��-I>. FIGURE 9.1 
 º�»�¼~»1½�¾ 

�� �� � ¹%�>�"!�#�$!&"#�$�
%_%� `�
y�& L�M�
'$���R>.B²%��& T �1?�4/`���(*),+-�H=/.10�9�2<¯>& T �Y��9w£J&-7

Stokes 
H¦�3�?�4/`
∮

C

B · d` =
∫

S

curlB · da (9.5)

95S!&-7
4 � S

K ��� I �����<#�$5&5#
$/.%6�7�&y7 T 

#�$�
18:9�9 K curlB
K

µ0J u5&��
.�W��F��;�<�
H��R K µ0I ?FD>3>=*u�&�7�?'$ C �1#�$�?�@A=8� º�»�¼ »B½�¾ 
��1 ���CB �<#�$y��µ%��� T 9%
g� & LJM K �J�1��
��F���J����#�$5&5DJÀ�

#�$�
%_"� `E
g�& L�M��,+1�!u�$�7
�B# FIGURE 9.2 
 4 � S ′ W5E K ` C .
F¬��]�&1�<9!S�` � Stokes 
H¦13 (9.5) ��?<�
�!4w6E?�G<��& K�� 9!S5&-7�� T � ��� T 
 4 � S ′ .
H~£�¸�& no current at all( m�©I�JLK Ä�� ) 7�?/W������ ��� Stokes 
H¦13���Z `³\!^%
F9 S ′ �<9 curlB

K Æ>Ç�? K u��
u�$�7�M�? S ′ �<9 K curlB

K �
��L�M J N�O�
y���5?�D/3>=@u � u�"-��µ5u � u�$J7
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cJdJ¥J?H°�±�]�&B��'JR�®�� $�6³��4/` x��5¥�u�����9 K (9.3) ������

+-,J�5?�4��
# b £	�5� � ��u�"-��µ5u � u�$��1$¬6 T �y3H��.5��u�$J7%� T 9

curlB = µ0J + (?) (9.6)

��¢�$
#%� (?) �J�<9!S5&B�JR��>&B�J²%�J#�
�4>6³7
��
 .B°!�/&����5�
��R���&�7 � 6 ��
��
��)�
-°������ E/c � B ?J^<$
#Jh���¥

95S �H= T �-.��5$��J��687
Faraday 
-�H����#5
�����9 K � changing Magnetic Field( q������! #"�$&% ) ? K Electric

Field( m�' ) �#( �1#�� ����� � 7 � 5 )<9!
�+F, s ��9�*�2��N�~& :

curlE = −∂ B

∂ t
(9.7)

T � K&+�, ?�-�"�&g����)�
�+�,���95�
�
'/.�.1��95$Ju�$�7
W-3 E/c � B 
-h����J�#/�=g�~&Hu � µ changing Electric Field( q��#�0�ym�' ) K Mag-

netic Field(  �' ) .21>£3- T ]~�54#6<9w£�4>687
(9.7) ��9 E/c � B .�7���3H#�8 � ��&�4/6@u��
#��#����4�6~�[��&H7:9�;>WY°%��&!< �
��S!& T �Y�1���w& ���w�
W�� = ��
�4>6E?Ju�& :

curlB =
1

c2

∂ E

∂ t
(9.8)

T ��?�4/` (9.6) 9�=�`Eu����-=�< � u?>���S�=
� � �~&�72@A
�?

curlB = µ0J +
1

c2

∂ E

∂ t
(9.9)
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��¢�$
#%���
<�
����w.1����6 :

div (curlB) = div (µ0J) + div (
1

c2

∂ E

∂ t
) (9.10)

� ?�2<¯5=�4w6*?���< K Æ/Ç�?Ju � u�"H��µ!$�"Ju�$J7
;
< � 2 >�9 , dw� c�d�
HQ�R�
	��
/.����#�5��&5� (9.1) ��4/`

div (
1

c2

∂ E

∂ t
) =

1

c2

∂

∂ t
(divE) =

1

c2

1

ε0

∂ ρ

∂ t
= µ0

∂ ρ

∂ t
(9.11)

�1u�&-7
4��1# (9.10) ��
/;
< K

µ0J + µ0
∂ ρ

∂ t
(9.12)

�1u�&F
�95� (9.2) ��
H �¡�
�������4>`�Æ/Ç��1u�&-7

T 
�
/3�$�>�9 FIGURE 9.2 9!
�������� � �[�~&H7 º�»�¼~»1½�¾ � � ��'J�J�J� �
&5� FIGURE 9.3 ?�S%&��%d�
���|J�����
��=F��) K ��
��>£���� diminishes( � ) ��&-7T 
>��£ ∂E/∂t

K
E � K�� h5?��*=k7

∂E/c2∂t u�& Vector +-e K FIGURE 9.4 
��!$�� �F9 4 �N�5#<$�&-7

curlB = µ0J + ε0µ0
∂ E

∂ t

.
G 6H� S ′ ��
 curlB 
y��R K S ��
 curlB 
H��R��y���g��?�u�&-7
S ′ ��9 K � 2 >�
�!#"
��$<#J9!S5& ; S �<9 K � 1 >5^�_�` J 
3>���$<#�.
S�=
��&-7
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9.2 The Displacement Current ( ° a ��� )

∂ E/c2∂ t ����#%�F��R�®>. continuation( ��������� ) T �y.&
/4/6³7 Maxwell
K T �

. Displacement Current( q���m
© ) �
	��%"F�
���g9%S<&%� K �����5uJ$J"g��}5W T 
�	� K ¦��>3-#���=J7
��� .�4!]�&�=���� Displacement Current Density( q��<m�©�$�% )Jd .B¦��w3-#5���

#%����L�M J �����%]�&-7%��3-#���
�4>6E?-¢ T 6 :
curlB = µ0(J + Jd) (9.13)

T�T 9
Jd ≡ ε0

∂ E

∂ t

��¦��5]�&-7

�
#%�����5c�d�¥�?H°�±<]�&�)����F�F����� & L�M�
J+-,J�� �¡�
F������� �J\5]�&
= �J? K T 
 
/3F$�>J��< � 95SI�B=
7 T 
�>J�!+H,J�5?3�1�
�w&Hu � ��°JX<]�&B�F)J�
�J)5?2( 6y��$�6 
/3F$3�
#����!
��!�/.1À5Á
]�&H7!"#�F? T 
�$�%��'& � &-

u � �N�
M Faraday � T ��.����!3
u�� �H=�
JÈ ��6 �57 Fararday K � �!? T �5u($'%>.�) �Hu
� �B=
7�3g��3 Faraday 
yl *�9 K T 
�
�3F$3>!?,+,�%]�&-$�%�.(. � �%?�9>£guJ$�/�"
¥�u(0�1y��S5&-7
°JX<]�&B��)/.5W ^<}'�<u�2 b 9�WB�F�

�3�? K �Fc�?�4JX/3y#�$5&B��'5�y^!_w`5�
#��
����6�75]�&-782 b 
/@�<<9!
H� & L�M B

K } T 9~W T 
89#:��1#<;�=�>�?A@8B�CD:#E
:�F�G�HJI<KD@(L8M'NDO�P(Q�>�R�SUT<B�G�K,VXW�Y�Z\[8I]O Biot-Savart :8^�_\W�`ba8cdUeUf :�g�h�i�j'kl:�m�n�o<;�=�p�q#:8r's#W�t�u'Twv @8L
x'y�z

FIGURE 9.5 :�{<;l|�:<}�~��A~��#� :���� e :(V P W�� y�� a�L

o��������������#:�n�o<;,=�:�m�p�qlB Biot-Savart :�^�_lF � HJI P : B F(r's���@8L
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��� ;�=�i�j Jd E����!T����l@
	�v���
Aa��<L���������F��U�#@�� y F�B������ �"!$#� a L Jd W&%(')��IwE may( *�+ );
E�[-,/.10�@ ��� ;(=���2�3�W4�5�,I�E16�798�0�H:'&; � < [�I'K]@>=�T'B@?9A �4B C<BD/E cJGD@8L
�4��F/G8W>F&H��]@�I���F FIGURE 9.4 �4J'K�K L�T�Ml[@I Vector N
O Jd > FIGURE

9.3 �,;�= E cQP R4SlF G#H�I'Kl@��Uc!F�T UX[ � a�L9���,;�=lB-0XHV'&;XW��X[8I'Kl@
�<c8W&YZ'�c�O8N�[ �#B�\];&=]8�T�,l@(L � HJI curl B�N�[ �DB DVE T]G�^�# z G_.JG
K]�Uc > ` ab!$#A@8L
E�HUc�c\[�'ed�	\@]c

curlE = −∂ B

∂ t

T9,#HJI<O ����f =�i�jlB
Jd = ε0

∂ E

∂ t

�-�g.�O�h�2:��i�j\WQk�# l y @lc

curlJd = ε0curl
∂ E

∂ t
= ε0

∂

∂ t
(curlE) = −ε0

∂2 B

∂ t2
(9.14)

WQmw@8L@=�>n0wH"'�; �n< ��@lc,v�B�O:�@� 2 o@h�2lB8Y�Z'T�v�@8L
0wH"'�; �n< ��@p=�W quasi-static( q r5s ) = cJK a�L
Jd > curl GU[&� vector ='T9,�# z O
\ f =�>�V �b.
{�t ulF�=�#Vv�@(O-,]@�K�B-wUK�xy]z

”sink” F9{@�ba {�t�u/�8=�#wW�|n} ~n����@5�]c�F � ;�m�.1#�@�V f�� ��= c�PnR� a
F Jd B(?�.�#A@ (FIGURE 9.6) L

[Q�#[�Op��U:� radial( � ��� ) �&� 2�3:� f =DF � @-g�h�i�jXW�t,uX[�IwE D]E F GDH-I
[n�Aa Lwc!K a��#E�O@� �5��{�W-Y�'�c�On�9��FXE$� �lG&��{�>lG�K���.
T�,]@8L
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[&I�> H!I<O������98�G@=UTUB(g�h�i�jXW����l@���F���p]G sources( � ) B(n�o f =���^
T�,D@(L�	#K&� y @Dc�OXE,[ Faraday > FIGURE 9.5 � � a F�

��W�[(I]O-� � g��wW
`�HJI P T���g�h�i�jXW���@��Uc >UT�v@I\c�[8IwE�O@�DF@�lB<[�G-�wH@I&�:
Aa L
�����\[�K���o����\W��#@(F�B����DF � �]�X@p=�>��'p'T�,l@8L��&��. Hertz W4a H

I��:� I����g�>#wW�M]� �<c
>UTAv�In�,T�,�; O� #F � @�N�!DB Maxwell >b����"
#�W
�9v�[8I��g.
CAH<c%$#F�G�HJI'&n��#]I �(T�,]@8L
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9.3 Maxwell’s Equations ( � �������	� �-��
�_ )
James Clark Maxwell (1831-1879) B Faraday � f���
�� ����� F�����[�O f�� c
g �

�QF��XW�O���8�F ��_ < [-I�L Maxwell B������XW����<�D@ �'c�B G��XH
I�L �����]B 50! $lFnv �X[-I��8T5,<@�L#"n��� f�� 8�$�%<B'&�(�B�)�*�T9,<H4I�[�O,+�c f g � ��N�-
Gn�/.�0 E T\v�G��XH4I�L#1 � >_����243 �65 T�7�8 T\v�I�9�����: ' B�;&�<&�((� y E= z G�K:�'c T9,]HQI�L�[Q�#[,G�>�.JO Maxwell �QF���>��?>U�#@<c,v�On� #"�JT��/R�I
v@I ∂E/∂t GD@#@lB� ]�@S�_'T<B�A 'CBEDlF��n��#]I��(T�,DH@I�L]�$#�W  lB ����f�F
c#G�8���L Maxwell BCH d � ^,T'G�'JI�KC"��]|�� f =lF�E4N�K�>�,g; O � �nf�F F�L�K
I-d�	\@]c�v8OU[ z [ z�M � f&� E$����IUKD@8L]�@�8V]B 10 N'T�"��9� f =�W,O'P��RQ
c�v�S�H�vV;Q!�� � a 1 L Maxwell S d<e BUT�W ”Aether”( V]��2 � ) cJK aXW9� c � y I
KnI��,TYI�T<ZDGZ' IAE �n�5f�F Z?[���� in( \ ) T�]�R(I<KYQlc
� y I<KnI�L<[���[?;
8'G:�Uc	S�^��:� a TAE � K�L  ��QO_�n8C`�_'S�a�AlF��V.1��T?b�c:!���YlK�EQ�8T9,<H
IU[�O� ]� ����f�F ��onk4S�d_e�f]� technical( g'h?i ) GC� ��T�,DH@I L

Maxwell � f g =]��j d�S�k���8�F�a�A'T�,4Q8L�1��#S�O��b�le�L�m'L�nDG�Q	o?p�Wq H-I?rCsX[-I�ZlO � #XW Maxwell’s Equations(Maxwell t�u�v?w ) c#G z #xQpS�T]�]c
� � a :

curlE = −∂B
∂ t

curlB = µ0ε0
∂E
∂ t

+ µ0J

divE = ρ

ε0

divB = 0

(9.15)

� �!T µ0ε0 = 1/c2 T�,4Q8L
(9.15) _�S f�� i�j ρ c f�F ( #zy M ��[8I<KYQ f�� F � Q ) i�j J Z<{?|\[(I<K�Q/H d
|���=UT�}n��#<IUK�Q8L

1 ~��p��_'S Faraday � Law of Induction( ������� ) T9,'Q�L 2 ~��p��_'S8g�h i�j�Z
��� � a F Displacement Current( �������_��� ) O�L:�"; f =:��( e ��<�� cJO Conduc-
tion Current( �?�_���'��� ) O�L]�_; f�� � M �?�#F���{]�RQQ�XW�`\[(I<KYQ8L 3 ~��4�
_'S Coulomb ��"�# cJ��[,K�L 4 ~��p��_4S8g�h�i�jlF�S f�F except( �?� ) � sources S
YDK]�Uc�W4d�	�IUK�Q8L�d 11 N'T"�@���C�������'�J����QC�

1YC � :

10 ��� 11 �	�¡ E¢l£,¤¦¥J§	¨¡©�ª¬«J­®©l¨J¯J°
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E � B ������Q������?Z
	l����
������������������ �!�#"$
&% '(
 ) *�+-,/.0�
��1�2(	_�,�&3�4�5!��6 ��78
97�:;�8� ρ � j 
=<!�9>$?@��ACBED Maxwell 
;F9G �!�

curlE = −∂B
∂ t

divE = 0

curlB = µ0ε0
∂E
∂ t

divB = 0

(9.16)

	�	H� �=I�J ��"!
�<�K�L�M��;+�N9�8A�O��9	@
�I�J���"6�QP 1 ��
=�9R��!OH<(S@T4�
,HO�*!O4� Electromagnetic Waves( U#V�W ) 
;X#Y���K�Z#[\OC�]	 �\S�^�_�5#) Maxwell
�#`!
;�9a�b\S�c!d85#D;e�f�g�S�h�* )�
��!A�OC�
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9.4 An Electromagnetic Wave ( �9a�� )
��� 1�2978
;7�:��;���]O Maxwell 
;F;G��$S���)9�
	�����
��!1#�;a��]
��$S����

6 �
2 )�O��9	�� z ����������D;e �"!HK y #%$&�(' : t )"*���+ %8�(O��,� E S.-0/���6 �
E0 � v S��!1�O21�34�=5&N%5]
��\6/1�6�7!1�8��!A�O��@5!��6 :

E = ẑE0 sin(y − vt) (9.17)

	=
9��K�+87�:���%�'��(O��H�(OC��A�O�2��
-0/�N82!O@7�:���:�;�N�2�O����(OC�
a"<"=�> �@? M���1�O K]D]	&
=a"<"=�>�� x f�A]
�:8S � ; Ez ��B.C(
 y � t 
9+ %��
S.D$5&N�2�O��=5!��6 :

B = x̂B0 sin(y − vt) (9.18)

	�	 � B0 ��A�O(1�3��!A�OC�
FIGURE 9.7 � 	 �C��
��\S
E�F$5&NG:�)��

+�7�:8S���)9� 2 H�
�	�6Q2C6I�$S
J�K�L���M ,/
#��N$592�� x O z ����5&N���� �P� I

10



� 591 2]	0���&3 4�5��\6 ; y ���]
���� �8�$	�O�	0� ����
	�$S�
 O
�������]
=+8N�2
)�O0�9	,�����(	���N�2!O�� (9.17) �8�(� � (9.18) � �������93]
�I�3���6�7�1�8$S�5=N
2�O�)�* D�' :�K���� � �(
@+������ �&�"!��$#%� N%� ,&�
1$'!1 � ∆y = v∆t �!A
(*) y − vt � 2 6,+.3�� y ��� � t �!
�-4��B�.�-\S y +∆y �
�H� t +∆t ��/ O�0 � ��A�O$�	1�2�0G/(O�� ŷ F32����,1(
�4�! v �����������\S�5�6
5&N�2�O;
��!A�O	�

	&
9�9a��!��A�O87�9�S.��)$:�) Maxwell 
9F9G �$S.��;��(O�	0�=S�F<� 6&�
divE � divB �"=�� 0 � 1�O�	0� K��<>8?�0\O	�
��
�@(

A�B"A��

curlE = x̂∂ Ez

∂ y
= x̂E0 cos(y − vt)

∂E
∂ t

= −vẑE0 cos(y − vt)

curlB = −ẑ ∂ Bx

∂ y
= −ẑB0 cos(y − vt)

∂B
∂ t

= −vx̂B0 cos(y − vt)

(9.19)

� 1�O	�
(9.16) �]
 2 H�
 ” C�� ” F9G����	D�E(5#D	=�
�F
G cos(y − vt) SIH�J �(O�� D���;���K
�L7�9�K

E0 = vB0 � B0µ0ε0E0 (9.20)

� 1 BED]	M(
�$B
v = ± 1

√
µ0ε0

= ±c � B0 =
E0

v
(9.21)

SON O	�

	&
9�9a��!�
5�
�P � Q�S � H$	G� K�?�0\O :

1. The field pattern travels with speed c = 1/
√
µ0ε0( RTS�WVU�W�XZY c = 1/

√
µ0ε0 [�\]

).v = −1/√µ0ε0 = −c 
9��^���_ ��F`2�D�HTa B −ŷ F32��	����� Maxwell K 1862 b
�$c]*�N (

� �0�Md�e�O B��&5�)	f�g8� ) 	�
	h*i�S
N])��%��D�j$
9F#G��]
 c 1]O21"3
�Vk��Ml��8m3�#D�k�nMo�Dqp�r(S�st��)�u�v ��w!*��x( O��"y�P�z!:�
�{	|��P��5O0�}]5
N�2�1"0���)���	=
.1�3�
95�~9K�4�>!
�5*~��8A8O 	G�H��A�0��HN�2;N � D `�4�>P� 
�{
|8�`a�)&^�_ !,(8N�2�1"0t��)�����'$���]
�`�4�>!
���1!� 1857 b�
 Fizeau �]�#O � 

��AT�=)��
Maxwell � ”N.M.Kohlrausch � Weber 
=�"y3� a�y�u�v�0 ����*�)O��� ���*Q��;
��%�!

4 ! � M.Fizeau 
=`����
u�v�0 ���$� !�(�O�`"4�> �x�`�H) B��$��5�N 2�O
�&��� N light

consists in the transverse undulations of the same medium which is the cause of electric

and magnetic phenomena( �*W�U���V �*� �`S���� [`�`�O�V���"���L  S�¡t¢=W £ [T�
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� ) ��� ��� � !9*�� (�1 2�� ” ����2#N�2!O	�Tn��
	���
@� Maxwell �����%H"*�) � �
��A!O	�

2. At every point in the wave at any instant of time, the electric and magnetic field

strengths are equal.( ���3S����`S=W�£`S���� [ U�R � ��X�� � V������VS!  W�"$#&% )

3. The Electric Field and the magnetic field are perpendicular to one another and to the

direction of travel, or propagation.( U�R � V�R#W(')%�*�+�,-#/.10�2 \�3�4 ¢ �65 +�,-#7 % � ) 8���8G�=S�8�8 �9�&:(S�� O��
�q��1�5=N�5*a�� N�2 )���5
0(59DO���8FV2 �M�
��;]O"2G����#%$����9��K�+�%]5�1�2 ��5=N�5�a 6.� D�86�O7�9�K ? M�7�9 ��1�O�8 �@S
F�;)����N\5 , 1 2�� � 5 v = −c 00H"�"��F32@K −ŷ �!A!O��,��D B0 = −E0/c �81"*
(*)�1<� 1 2��=8M(�� E �9F32�D B �9F32#D � 5&N,��>=�@��?8F32�K�!�@�A�� 3 HB�;F
2�S�1�;C8 ��S�F]5@N�2�O���8,($S�6�781�#,$(A]SED�1(5�1�2��%59���(6 ��6�K(O�8 �QK
����O :
�!� 2�H#� � vector E ×B �;F32%�&�*?\O	�
F e81
�����9a�� � 7��97�: 2 �8�=8&� 3 H���G Q�S.D$5&N�2�O	�

2YC H : IKJ6L�MONQPSR�TVUQW/XZY
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9.5 Other Waveforms; Superposition Of Waves ( @=���"8 ; �-�&L���^�?�: )
��� �&:9� sin(y− vt) ������
����	�	
�����
������������������! ��	�	
���"�#V{$ � ”  �>�G ” �� �>-�&%*Q(')� nothing to do with( *3S!0�0�+-, 5&.0/�1 % ) �2 �>-�&%

Q3')�� 5456 any( 7)8 1 ) 4��	�09;:=<?>A@ �CB	�!D�?�;E
0'��F
E8�'?�	�0
&G(8IHJ�5K$ 4�L&M�N����AOQPSRT �4JL!DAUEL�V $ L�W�� y ' t 6�XY
Z�E9!�&[	\�]�@A^A�5_=9�:��

�`5��a=b5
�c�'?�	�0
&G sin K $edgf L any( h�i 1 ) K

$
f(y− vt) ��j�kml0n�:�< ŷ op ��qsr v ��teu! �4 d2v 
wG�x5L�ysr0zT� (??) {A6E�|:0�Eb��}REc�L& ~< �5� �5���

� 3 ��L|���J�wM�N d2� 9g:��J
wG

FIGURE 9.8 �w��`�HE���EL&�A�5 �L|�|�A ELw� d �w�3��
SG

$ {�����P2'
E =

5cŷ
1+k2(x+ct)2

× 10−4 [V/m]

B = −5ẑ
1+k2(x+ct)2

× 10−4 [T]
(9.22)

�	�Y��R FIGURE 9.8 � k = 1 feet ���A`|H0:��J
&G0cIHJ� Maxwell Lwo|�A{ (9.16)
dg�

���|G y � z �����e��O���L�� plane( ��� )  ��J�J�wG�V $ 6 x + vt L + ���5`~z)�e �¡

13



`=����� ��c�L! �� −x̂ o p ��D�@���G�c�L�o p ����`	� E ×B L�o p �5O�9g:0�J��G
c&L! ������Y<
	��e���Y�����|6
���e�|�~�m��OA� ; �J��� P�� d V��A�|�����������	�
��G���

t = 0 �JL��
�
 �!�� E = 5 V/m � B = 5 T �J�J��'TR�"
#��J�w��� yz ���%$5L&�' L�#A�JL)(�*�+,��-�.0���&G FIGURE 9.8 �/� t = 3 ns �	L)0Y<I�J�A��G)1�23� feet
��-(r;H0:���� ( 4�q�� 1feet/ns �65E� ) G
7 �)8,9|��L E ' B ��:0�e� Maxwell L|o���{;��<�4����J�wG 2 �0L�=�L�>
?5]�@

^�<�b�@)=A�	���&G &�' LBA�Lw����C56�D0��E6F�G5^�B,E
H�IKJ�L d t�M�����c
N 6A��k
��G��J� � 8�#��JL E �PORQTL6CEL|��0ELPSUT�VW��X��J�RY�R B E5����:�<�H�I	c,NC6Z n���G

>�[	O|�\N6]&:�^�:�o p E�teu 2 ��L6_�`JO��A��C dba ����c/NC6��=k5��G
ŷ o p E�teuBC�6

E1 = ẑE0 sin
2π

λ
(y − ct) B1 = x̂

E0

c
sin

2π

λ
(y − ct) (9.23)

N
c3r;H3�3N6]�d���G
c!L)C3�6e%]�f�g�h�i�L&�\Nkj=9;:��J�&GKl�mJK)A�E6C�� λ

dKn _o]�@�G�x�]&:���p�q�!
L6	/r d ��0�L)	/rA���(ksc%]�@�G

rKt���L6C dBu n�d�� :
E2 = ẑE0 sin

2π

λ
(y + ct) B2 = −x̂

E0

c
sin

2π

λ
(y + ct) (9.24)

cmH���	/rvNwC���x�H�IbC��J�	�yx −ŷ o p E�t�u)C��J�	��G
c&L 2 ��L6C�xE�;zKt|{ Maxwell L|o|��{3���|��0�x

E = E1 +E2 = ẑE0[sin(
2πy
λ
− 2πct

λ
) + sin(2πy

λ
+ 2πct

λ
)]

B = B1 +B2 = x̂
c
E0[sin(

2πy
λ
− 2πct

λ
)− sin(2πy

λ
+ 2πct

λ
)]

(9.25)

NgO��y= d {�zKt�����G
2 ��L�}�L�~���L&]����A{�d%Y}R (9.25) {����e 

E = 2ẑE0 sin
2πy
λ
cos 2πct

λ

B = −2x̂E0

c
cos 2πy

λ
sin 2πct

λ

(9.26)

NC>����=k5��G

(9.26) {���-��(rmH3�s0�� standing wave( �,����R6����� ) N�d���H3��G FIGURE 9.9
����O�� � 9|��XR���5n��T` db� ]�t0�J��G
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c/λ O������3� &�' L�#A��0�x�	��0��� Frequency( ����� ) �	�	��G�x�]6t 2πc/λ ��:	�
���K}�	���A��J�J�wG (9.26) {�E%d���N 2ct/λ x�
�A;EAOE��N|k ( cmHo�	��l�m�
;E��ec
� ) �A���|�U{?��p�q�! B x everywhere( ����������� ) �0n�t�]�b �SGAb�@ 2ct/λ x�
�A
+1/2 L�N�k�������{ cos 2πct/λ = 0 ����0�x�XJc��|{�����E5O���G
B L6�
��� N E L��
������ \QgO �P� R)0�!���"�B=��G�DAU0���sC�� Ns��:�#	��E�R�$% C���8/9��%d�& � 9�L('�o5��)�*�L�x�+g@	O�����0 NC��0 d2� zKt�����G

y = 0 ��y��od,& y x-��C��	L.
�A	/�E(0o]w�&�5��y���� at all times( �21�3�4 )E = 0
�	�J��c/NKE65 ' ^|d2G
y = 0 OE� xz ��� d67�8 E 7	8�n�9�:-; �	<vz�@�N�]�d �>= 7	8�n�9 L�cA���,�|�;Ew�
MEO5��0eL���¡;���?�&�E�J� ( {�]Ax � �	O
g2@/��ACB�L���D
x�D�@�to]0b�� ) =�cwL�c
NK��l�E�LP8,9�L5�|`0OE�2��0oE%{y 0� Boundary Condition( F�G�H�I ) dKJ ��c,NKEAO
��=�c5c;��L u n�t��	� (9.26) {A��-��3r,@���$ % C3� y > 0 OJ�b8
9 8 t�� Maxwell L
o���{ d!� @/]�REc�L6M�N�O�P\{ already satisfies( QSR2TU�WV�X ) ���2=6YoE�cwL($ % C
�|���0���
C�x����EL n-9�Z `Fz\[
<	o p E�^�]Yr�@(��^2_eL�= d ��@�n�t	�E��c3NbE
O�� (FIGURE 9.10

d �%d ) =
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c!L%Nwk�L&_�]�C3� y > 0 E�:;]6t0L (9.24) {A�	��@�n�z @�RK^�]�C�� (9.23) {A�	��@�n
z @/t��J��= :�; L ��� �
��03� 8�� OA�w`0R��0�����A�,zB@�N)])t { c � LB0RNs�6A	K� �	�J�6= Z L|�� yhA���,�w�;E���MJOw��p�q�!�x (9.26) {��J��@�n3z\@,t���� :

B = −2x̂E0

c
sin

2πct

λ

B xsc�L�h�����L(��`~z ��� L2�?��OE� �oEUN��|Ng� �Tc3NK� Z �;E���D�x�D�@3t	���
c/N d '
	 ]�t����6=
�
� � (??) {A�0��@�n�z @=� E x��W�3N)O3z t��	�)�JL!�,E�{ n	9
��d�� g�@�� 2 �

L n�9�Z ��9�E��|��$���C d�� I����J��c,Nwx��=k5�6=�c�L��EL���j3� LASERS
d�� �

t� RQ � ��r @,t����6=! " R6��#JOw�A���|��C�L&M�N d�$ =0���3NTR�%�&('0R*)�� n C +-, strip lines 0�.*�RQ
.|�|�
/�021�� d =
3	��� 4,Nwx��655�6=

16



9.6 Energy Transfer By Electromagnetic Waves ( ����C;E�d������)����	�

� )
��� x����������3g�����������	�� (??)  "!�#�@%$
�%�
C .��'&�(*)�!�
�+|zKt-,

�(= 4*.)C�.�x�
��'$��*/ 5*,��'���*��	0�'1 4�2 is( 354 ) ,76�8:9�;</ 501 .>=<?@27AB 2�C�DE�\@E�F��=
G ��H%I /<IKJ*	�.ML�N�)
.FO-.*=P?RQ�S
�7O-.FO%T'��U�V�W�X�Y%Z�[ dv 2 ε0E

2dv/2\�]�^ �_�����'	�!M`*;7a�b'c�4ed<!�f'(
)�27+*;�ghb0iP9�j7k�d�l�m ^ f'�'�M����	Mno'p �qd�;�r�s 1 t:!�u
v�aE=�rw�x 2���O"!�yE�_z�{
2�m*20C�D5�qd5���������*	���U�V'W%X
Y_Z�[ dv n B2dv/2µ0

\
]
^ ��������	_!M`5gFb'{>��/�97b o'p �|dE�7r0s 7 t<!Mu
v
aE=�r
O ^�} 2��'�M����	Mn%~���/�9�b�����$>��/�{�?q�'�������0�E�|�>!F�'D>��/ 5��0g�/��
��9�,�Q>�7rE�e�'�%������������Q
{��'(>!M�5gFb�

+��Rc7A�X"!F�*$P� ^ &�j*�7r
� ^ ���h�����
!��'{�b������
n����������
!F���*$��� �T>{�2%¡
{�b�¢�£*$�� � /

n'&"¤��7r¥ �
¦�+�Q�{ ( §_¨%�_&���Q
{ ) ©�ª<97b�{��F«�¬��<!�j*�7­0®_&%��D<=<?¯r� ^ ­�®*2�° ] �KU%V
W�X�Y�Z%[ dv & ^ �0O:! E cK��±�²%³:! B /h$>�*/�cKV
W�X�Y�´
2������������

1

2
(ε0E

2 +
B2

2µ0

)dv

n�j�;�DE�qd�b'{>�7r� ^ �'���*���Mn�� ^ 
��_µ�¶�2�·Ez c &�
�+"gKb_{��*/�9�=:?¯r � ?e9�b�
��_µ*¶P/�¸¹ $P�Kº
»�¬�Y"!F��¼*$P�Kº
»*­
)_j�;½� ^ �������*��¾<! o'p � � /qn'&"¤��7r
� d"! (9.17)  ½/ (9.18)  ^0¿%À�Á7Â ��.>2�Ã_��9�=<?Är

t = 0 Q>��­0®_&
E2 = E2

0 sin
2 y

&*j��7rÅ ;
B2 =

E2
0

c2
sin2 y

&*j�� � /en B0 = E0/c ���e+
�<��r� ^ ����O ^ ����������²�³��:=�gFb
1

2
(ε0E

2
0 sin

2 y +
1

µ0

E2
0

c2
sin2 y) =

ε0
2
(E2

0 sin
2 y + E2

0 sin
2 y) = ε0E

2
0 sin

2 y

&*j��7r
f_��Æ�2�+:;>gFb sin2 y !�«
Ç�$<�>/È«_Ç_ÉP� 1/2 &�j>�0r:=�gFb � ^ O ^ «'Ê����7�
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�*��²�³*�
ε0E

2
0

2

&*j�gFb
ε0E

2
0

2
c

n y µ�¶�2���¸_Q�º
»�¬%Y<!*�F¡ ”Window”( � ) �F� ��� ]�� �'�	�*��� ^ ­�

�� %T�{� j � r¿�À*Á�Â � � j�� ?�/KQ���� ?�/��0g�/�������Q��
� ^	��� �%Q��� :9 ^	�"! �%.�2�¡�{
b ��c Power Density( #%$'&)(�* ) /,+�l%d � º
»�¬�Y�j�;�� ^ ��������� ^ ��d S -

S = ε0E2 c =
E2

√

µ0/ε0
(9.28)

� j�;�D%.qd � r��� �
E2 -�«%Ç 2 /_��O�0�³ � j*gKb�c,132 E0

^�4
5 ��. ^ /0¤�- E2
0/2 2'6P90{�rMº

»7- E n [V/m] c c n [m/s]
\ �8. S - [J/ m2· s] ¡ Å � [W/m2]

� j � r
§ Â √

µ0/ε0 -�9�:
^';�< ���)=�c�É>- 376.73Ω

� j � r�? p � / 377Ω 2�Q �Rc'@
A �B DDC�E_{�F�GH�,I ! ��J n � ¤ � :

S (W/m2) =
E2 (V/m)2

377Ω
(9.29)

��� �
W = V2/Ω

� j � r

�����
n
K�X>L
j�M � J c���O�n����H�'N3O�P�E�r � ^�QSR c�� ^ ���	���*�D-��D�
L
-�K�X:´ �)TSU zÈd � r
FIGURE 9.10

�
V�W �>-�f3X W �
Y*¤[Z �D\ M�n�c�X W ¬ ^�] K�^
n
_a`Db J Q �dc f
K�X J {fe�g�h ^ O�T � j�gdM�r'� \'� ^ X W X ^ 9
:�^�n�ikj � Q ] d
l*clX W � ^ 1
2�- V�W � ^ 1�2%m:� WEz ! Q � rn D%lP���po[qsr�t � -_c)u�v'�%n�w3x�µ>¶�L V
W \ M J ¤zy 92%

^�{ ^ � �k��X W E� r0¡ Å � V)W �'�	�*��� ^ 92% n3X W z�d�c�X W � ^ 1�23- V�W � ^ 132 ^ √0.92 |>c
¡ Å � 0.96 |>L�Q � rV�W ���	����� ^ 8%

^�}S~�� -��d��o�q�r	t_´ ^ ��L�Q�g�b \ Å e ^ � j�gFb'c���� ^
��O>Lkm�gFb���dHP�E����
n�����t�9�:�Lkm:���_k�.|d �0^ � j � r
�D=
�	�)1�� Â y 5× 1014 Hz

^ ��� ^ �d��o�qHr�t ^ 9
:
^�n>¦'��L�Q � r � ^ É�-�¸
��c�j � {�-'��1
� Â>^ O�T ^ �,��o�q�r	t ^ 9
:�ÉS��.z-�{ ! .��D� gÈb'{ � r \ � \� !@^��
��^ O�T�c,u�v
��L'�SE � 9
:�^�-'�3�3��L�§�¨
��� ^ J ¤	L �
� ����K%X�L \
b_{ �z� ¨�L�� ¤[C�E�{ ] K'���7L�Zk�'E � � ^ � j � rd���7LD��K%X�n���{0b_{ �7^ -�S� � -
Q_{
r \ � \ Q0n�.Mc�QD�5¤Kd�{
Q��
n��Eg[  ! ���pozq�r�t�n ”silver”( ¡3¢ )
L
£
¤ � � J {�e ��J -'¥�¦>Q�U �3�>^ �)�
§�¨ ^�©�ª n�Q ] d_l�«>¬ � ¤�Q�{�r

�0����nS­���K�X>L
j�M�g�M J ¤_�F���	�����D-)®)¯5zÈd � r�°7t�-��3±�� ^ ��O�L
� \ b�-��_{�²
³�X � j � r�°7t>´��dµ�L��a��j0b�b �	¶ J �>·�X W \ Q�{�r � ^ J ¤7c
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���>�*���>��� ^ T3U ¦��>-��7� }�^'� �:´ ^ ���aL���±�� ^ ��O_n
y���E � ¦�� � j� ��J �l���DE � r���{���� � c � ^ �3J -	� ^�
	� ��
������ ^ ± � ^ f_b ^ �3� }�^
��®)¯ ^ ¦'�>L_j0b3- Å � r

{ ! ¡)� ^ ²
³�X � -%������-�¶ J �>·'®)¯5zÈd���L7�5gFb \ Å e¯r)� !�� g�b�{ �
n������ ^�^ u)v_��L���E ��� ¬�³�-0��L7[� \ {�!�� � j � r
���F��� �DC�"����$#�% ^ �'& ])( L+*	,�- �/.)021 �3����465+798P�): � -�;6<d�>=6?@S}S~BA - �'C � L 1km D CBE 109 F�G'H	IKJ�L�F - ]�M E �$N �2O �QP
·�� 1 L+�3� @)� ¬ �2O6R/S JUT �S�2: N�V$W F N	]'M JYX�Z : N	]	M J � -��3�S�
L�[17�+P �S�S- V$W F JY\	])^�_ E �+P�`+N \']�^�_�a�b	c L V -Bd J (9.16) G>e�f N�g'h
«>¬�Eid3m�e LQj�k A - 1'l -�m 1Bno1�p	P
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9.7 How A Wave Looks In A Different Frame ( [ 1 d�� h F e�·�� £
¤id�� P )
X�Z : a���� F @
	�M�� S p d�
 ��� � P�	'M�N���� a O d���!�� F
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E ′x = Ex E ′y = γ(Ey − β√
µ0ε0

Bz) E ′z = γ(Ez +
β√
µ0ε0

By)

B′x = Bx B′y = γ(By +
√
µ0ε0βEz) B′z = γ(Bz −

√
µ0ε0βBy)

(9.30)
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E · B
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ε0E

2 − B2

µ0a�b % d P
(9.30) e a E′ ·B′/µ0

,?f�p T ; Ng� � , E ·B/µ0 
�h3i<&id�� � S�j � � P

E′ ·B′ = E ′xB
′
x + E ′yB

′
y + E ′zB

′
z

= ExBx + γ2(EyBy +
√
µ0ε0βEyEz − β√

µ0ε0
ByBz − β2EzBz)

+γ2(EzBz −
√
µ0ε0βEyEz +

β√
µ0ε0

ByBz − β2EyBy)

= ExBx + γ2(1− β2)(EyBy + EzBz)
= E ·B

(9.31)
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Problem 9.13 
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ε0E
′2 − B′2

µ0

= ε0E
2 − B2

µ0

(9.32)
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A light wave looks like a light wave in any inertial frame of reference.( >�?�@BA+.�/�pDCE�F�GIH J*K�L"M�N8H OIP�Q
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c
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