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Happy Return of the Calendar!
BEBOTLE)TIVET
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e NN MS5-branes on S* —» N D4-branes: SU(NN) SYM in 5d
e NN MS5-branes on 7% — SU(NN) SYM in 4d
e 4d gauge coupling

is the shape of the torus

-1/r

T

[/

0 1

— S-duality!
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e Wrap IN MS5-branes on a more general Riemann surface
possibly with punctures,
to get N = 2 superconformal field theories

e Anticipated in ’96—"98 by [Lerche, Warner], [Klemm,Mayr, Vafa],
[Witten], [Marshakov,Martellini,Morozov], [Ito,Yang], [Kapustin], ...

but not thoroughly explored until [Gaiotto,0904.2715]

o | guess everyone was busy with AdS/CFT.



Rules

e Wrap IN M5-branes on a Riemann surface with punctures.

\=_
X7 .\O/.,

The worldvolume is given by

AV 4 @2 ()N T+ 4 oN(2) =0

X\ = ydz is a differential. ¢y (z) = pr(2)dz".
Punctures determine the poles of ¢ (z).

This is the Seiberg-Witten curve. (all this was known

years ago!)
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e atube gives SU(IV) gauge group

C 9

L=t=1/g2

e a three-punctured sphere gives the matter field e.g.
°

® @

gives N X NN hypermultiplets.
e Punctures carry flavor symmetries. ®: SU(IN) and e : U(1)




Want to make a SU(IV) with 2N fundamentals?

Take IN fundamental hypers, gauge fields,
another IN fundamental hypers

[ [

L~t~1/g2

q 1
° °
0\ ® — ®/x

Connect!

q ~ exp(iT).
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in fact has SU(2)® symmetry.
e SU(2) with four flavor is, then,

q 1
@ (6}
0 \e >/\ O /oo
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e SU(2) with four flavor is, then,

q 1
[ [©]
0 \e >/\ © /oo
e Split vertically:
1-¢q 1
o [9)
0 \e \/< ® /oo

o this theory with coupling ¢ = the same with coupling 1 — q.
e Hypers are in
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e SU(2) with four flavor is, then,

q 1
@ @
0 \e \/< © /oo
e Split vertically:
1-¢q 1
o [©]
0 \e >/\ ® /oo

e this theory with coupling ¢ = the same with coupling 1 — q.
e Hypers are in

vector of SO(8) «— spinor of SO(8)




e All these pictures remind us of 2d CFTs. Pure SU(2):

z=0 7=

e Looks like (w|w).
o Letc =1+ 6Q% Q = b+ 1/b. Fix |w) via

Lolw) = (Q*/4 — a®)|w),  Li|w) = A®|w).

Then
2A4

Cwlw) =14 G 162 — 402

+ ...




o d = 4 N = 2 theory has Nekrasov’s partition function
F(a)

€1€2

Z(a, €1, €2) = exp( +-0)
which is explicitly calculable. F(a) is the prepotential.
e For pure SU(2),
2A4 / €1€2
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o d = 4 N = 2 theory has Nekrasov’s partition function
F(a)

€1€2

Z(a, €1, €2) = exp( +-0)
which is explicitly calculable. F(a) is the prepotential.
e For pure SU(2),
2A4 / €1€2

-1
+ (€1 + €2)2 — 4a? +

Z(a, €1, €) = (w|w) when €; = b, e; = 1/b.

(proved by [Fateev-Litvinov,0912.0504])
- Fcbrary2010  12/19
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4d theory vs 2d CFT

We now have a map

G @ Riemann surface with punctures =—> 4d field theory

G v behaves nicely under degenerations of the Riemann surface 3
i.e. any thin, long tube gives a weakly coupled SU(IN') gauge group

Take whatever physical quantity Z calculable in 4d:

: 4d field theory =—> number

Then, Z (G (X)) behaves nicely under degenerations of X,
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4d theory vs 2d CFT

We now have a map

G @ Riemann surface with punctures =—> 4d field theory

G v behaves nicely under degenerations of the Riemann surface 3
i.e. any thin, long tube gives a weakly coupled SU(IN') gauge group

Take whatever physical quantity Z calculable in 4d:

: 4d field theory =—> number

Then, Z (G (X)) behaves nicely under degenerations of X,

This morally means that Z o G gives a 2d CFT.
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6d CFT

e More physically, consider IN M5-branes wrapped on X4 X 3o
e Take a quantity Z for the 6d theory,

o furthermore suppose Z depends only on the complex structure.

6d theory on X4 x X2
KK-reduce KK-reduce
along 22 along X4

4d theory on X4 on 22
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e More physically, consider N M5-branes wrapped on X4 X 3o
o Take a quantity Z for the 6d theory,

o furthermore suppose Z depends only on the complex structure.

7] 4d theoryon X4 | = 7| 2d theory on 22|



SU(2) vs. Liouville

o Take 4d quantities:
prepotential F(a) or its generalization Znekrasov (@, €1, €2)

e What do we get from 2 M5-branes?
a~-a
|a)(al

e Primaies in each channel are labeled by one variable a
with the identification @ ~ —a under Weyl reflection

e a is not conserved at the three-point vertex
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SU(2) vs. Liouville

o Take 4d quantities:
prepotential F(a) or its generalization Znekrasov (@, €1, €2)

e What do we get from 2 M5-branes?
a~-a
|a)(al

e Primaies in each channel are labeled by one variable a
with the identification @ ~ —a under Weyl reflection

e a is not conserved at the three-point vertex
e Such 2d CFT is forced to be Liouville [ Teschner,. .. |

(N.B. I learned this argument from Ari Pakman.)
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o Reflection off an exponential wall.

e The action is
1 2 2 2b
S=-——1[d w\/ﬁ(laucpl + pe "’+QR<P)
47
e Q=>b+1/band c =1+ 6Q>.



e SW curve was Y2 = ¢pa(2).

e Liouville theory has T(2).
e Both have spin-2.



o \/ o
7\~
m,\® ®/ m,
e SW curve was Y2 = ¢pa(2).

e Liouville theory has T(2).
e Both have spin-2.

lim (7)) = ¢a(2)

Mg >>€1,€

where b” in Liouville = €, /€5 in gauge theory

. m2dz?
P2(2) ~ =22

— insertion of (%1 in Liouville.



Liouville theory is
the quantization of
the Seiberg-Witten curve!

e SW curve was Y2 = ¢pa(2).
e Liouville theory has T(z).
e Both have spin-2.
lim (7)) = 6 (2)
where b” in Liouville = €, /€5 in gauge theory
m2dz?
I

— insertion of (%1 in Liouville.



e Take the limit mq 2,34 — 00, guv — O keeping A fixed:
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z=0 =%




e Take the limit m1 2.3 4 — 00, guv — O keeping A fixed:

z=0 =%

e (w|w). What is |w)?




e Take the limit m1 2.3 4 — 00, guv — O keeping A fixed:

z=0 =%

e (w|w). What is |w)?
e The curve is 1
A*(z4+-)=y>—u
z

or equivalently

(%) = (e D) (2)




e Thus

A2
P2(z) ~ (% + —3)dz2 around z =0
z z

e Recall I I
T(z)dz? ~ (--'+—3—|——;—|—---)dz2.
z z

this suggests

Lo|w) = a2|w>,
Lijw) = A%|w),
L,|lw)=0 (n > 2).

e |w) is the coherent state of the Virasoro algebra !

e and indeed, Nerkasov’s Zing = (w|w).



e Systematic construction of 4d theories
by putting M5-branes on a Riemann surface.

e very presice mapping between
4d quantity <> 2d quantity

was accidentally found.

e conceptual understanding?



