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Introduction

AdS/CFT Correspondence
N =4 U(N) SYM <= type |IB Superstrings on AdSs x S°
Gluon Scattering Amplitudes [Alday-Maldacena]

‘gluon scattering ‘ Wilson loop ‘ Minimal surface‘ in AdS

\@/ | n \

weak(strong) «— weak(strong) = ‘
T-dual AdS/CFT strong(weak)
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Gluon Scattering Amplitudes in NV = 4 SYM

the BDS conjecture Bern-Dixon-Smirnov, Anastasiou-Bern-Dixon-Kosower
Planar L-loop, n-point amplitude (recursive structure)

A%L)(klw' kn) = A%O)(kh... ,kn)/\/l,(f)(e)

Mp(e) =1+ 7 )\LM ( )
IR divergence: Dimen5|onal regularization (D = 4 — 2¢)

InMa(e) = ‘322 + %
1 = u2 g ? f()\) BDS
_1_6f()\);<ln <_5i,i+1>) ZI (_Sz 1+1) 4 '+

fQ) = 4Zl L (l))\l cusp anomalous dimension

gN) =232, fl AL collinear anomalous dimension
Forn =4

1 272
7 (7) %
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Test of the BDS conjecture (Weak Coupling)

@ loop calculations (n < 5) BDS, ...
@ Dual conformal invariance: determines n <5 amplitudes

@ Gluon amplitude/Wilson loop duality at weak coupling
Drummond-Henn-Korchemsky-Sokatchev
@ Discrepancy in 6-point 2-loop amplitude
Bern-Dixon-Kosower-Roiban-Spradlin-Volovich
Drummond-Henn-Korchemsky-Sokatchev
In MMEV = InW(Ce) + const., F'L = FPPS 4 Re(u), Re#0
@ remainder function R, (u): F, = FPPS + R,
Non-trivial dependence on the cross-ratios (3n — 15)
2,2
xiw .
Tig Tkl 2 j—1
Uikl = 5 5 ( ij tz[' ])
‘Tzkx]l
For n = 6, w1346, u24,15, u3526 are independent cross ratios.
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Minimal Surface in AdS

AdSs: embedding coordinates in R?*: isometry SO(2, 4)
Y YA YR YR YR Y= 1
Poincaré coordinates: (y*,r) pn=0,1,2,3

2+ yuyt
—

y" 1
YF="0 Y 14Ys=~-, Y 1-Y,=
r r
Action in confomal gauge:

g_ R_2 /d228y”5yu + Oror
2 r2

Euler-Lagrange equation+-boundary condition

@ ends at r — 0 (AdS boundary)
o yH: light-like segments

My, ~ exp(=S[y,])

S|y, r] = Area of the minimal surface (Plateau problem)
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Alday-Maldacena’s Solution (4pt amplitude)

Alday-Maldacena arXiv:0705.0303

o AdS3 constraint: Y3 =Y, =0
2 =2+ )+ () =1

o static gauge: 7 =r(y",y%), v° =4 (y", y)
@ dimesnional regularization D = 3 — 2¢
@ conformal boost: s =t — general (s,t)

4-point amplitude (s = t): s = —(k1 + k2)?, t = —(kl + kq)?
boundary condition:

r(£1,y2) = r(y1,£1) =0,
yo(E£1,12) = £y2, yo(y1, £1) = £y

Yo = Y1y, T = \/(1 —y3)(1—3)

Sp=InMy fA)~VA
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minimal surface (2)

@ Euler-Lagrange eqs. with AdS; constraint (de Vega Sanchez)
Static gauge, Pohlmeyer reduction
Sinh-Gordon eq. (AdS3) Jevicki-Jin-Kalousios-Volovich
B Toda (AdSy) Burrington-Gao, Alday-Gaiotto-Maldacena
Hitchin equation G = SU(4) with Z4 automorphism
Alday-Gaiotto-Maldacena
@ divergent at cusps
@ dimesnional regularization (D = 3 — 2¢)
o radial cutoff regularization (r > )
@ Solutions:

@ Sinh-Gordon eq. 8-pt (AdS3;) Alday-Maldacena

Hitchin eq. 6-pt (AdSs) Alday-Gaiotto-Maldacena
@ power series solutionltoyama-Mironov-Morozov, Jevicki-Jin
o Numerical SolutionDobashi-KI-lwasaki
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Discretized Minimal Surfaces in AdS

@ discretization

e square lattice with spacing h = &
P .. y_2 i)
° (7’7]) (17.7 =0, 7M)
yO[Zvj] = yO(_l =+ h7’7 -1+ h.])
rli, j] = r(=1 4+ hi, —1 + hj). . "
T 1 L

@ 2(M — 1)? nonlinear simultaneous equations for yo[i, j] and r[i, j]
@ action S%[r.] = Dol f]>re L[4, j]h?
radial cut-off regularization

e M = 520 (Dobashi-Kl-lwasaki,
Dobashi-KI)

@ AdS3 constraint: single eom for g
M = 1200 2

Katsushi Ito (TokyoTech) minimal surface / 24



Minimal surface:4-point amplitude (Exact solution)

(s,t) solution: —(2m)%s = —8a?/(1 — b)?, —(27)%*t = —8a?/(1 + b)?

1
(1—93)(1 —v3)

S region surrounded by the cut-off curve C'

Salre,b] = /dyldyzL, L=
S

1
re=(1-13)(1 - )m
Expand around r. =0
1 2 1 2 1
Salre.b] = _|og2< o )+—| 2( ggt)-zlog%;)

+ag + a2 log(r?) 4 asr? + O(r? logr?) ag = —3.289...

1 s w2 1 s
Bps _ _ 1y, 2.8y ™ L1, 25\
F ~2 log (t) 3 2 log (t) 3.28987...
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Exact Formula vs the BDS Formula (finite r. correction)

nnynuu**i*§

; b=00 - N b=00.
H b=0.0(BDS) -—---- Eiixy b=04 x
90 h = x xiXxy, b=08
: b=0.4(B05) 001 *ankty,
i rontil X *x *kpe
b =0.8(8DS) ---- | x X+
ok e r
: ke
i 002 Xkt
70 1% x TxTa
i w, T,
0 i N e U
{ g 003 x ot
i<} x
< X g x .
@ S0F RN g, e ox o+
¥ b x +
%X, & 00st * o
s b x N
L *
0 Ho 005 *
o Fn x
gy ¥
2 g e B
Fhorpeg o w x
R vivioy s ol 006 | ]
w0h T e wnn]
R
o 007
0 01 02 03 04 05 0 005 01 o015 02 025 03 03 04 045 05

54[?”6, b] and SFDS[TC, b] (S4 — SL‘BDS)/S4
The BDS formula (b:conformal boost parameter)

SEDS 1] 1,2 r2(1 — b)? e r2(1+b)? L (1+b>2 2 a2
Te, = — lo; _ — loy —— | = = <l o - —
4 ¢ P 16 Pl 16 21 2\1 =y 3

Katsushi Ito (TokyoTech) minimal surface / 24



Numerical check of the BDS formula: 4-pt amplitude

M = 520 Dobashi-KI

35 T T 00z ) b=00 +
b-obngB) + *x b=0.0(exact) ——-——
=005y) - 000k K b=04 X |
I b*ObZPS' x KX b=0.4(exact)
bx =0.4(Sy 1 b=08 ¥
. b=0.8 * O’f ><+3€¥ ix b=0.8(exact) -~ |
¥ b=0.8(Sy) -~ |
5% % 1 001
X *x W
. tx x %
= Nx iy 2 002
L L | s
= 20 Eox *x EN
% 2 * T 003
R *: g
X K B
REx * s -
15 F Fox S 1 0.04
FEx *x
TRE * 0.05
10 - R 2y ox 1
x
B 008
%
s ‘ ‘ ‘ ‘ ‘ B
-0.07 .
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 15 02 025 03 035 04 045 05

T,

Slre,b] vs S%[re, b] (5§ — SpP%) /s

o (S — S4)/ 8¢5 ~0.1% (b= 0.4, r. = 0.3)
@ Finite r,. correction < 6%

@ numerical error becomes large 7. < 0.2 (and large b)
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n-point amplitude

. 1 n 7"2 2
Splre] = s Z <Iog m) + F, 4 ag + a17? log r? 4 aor? + O(r* log 12)
i=1 ’
1
Fn = —§F5DS + R (uij ki)

@ remainder function: R,

@ finite .. correction ~ ag + ar?logr? + ayr?
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4pt amplitudes (2)

r. correction Kl, K. Iwasaki, work in progress
Salre,b] — SBDS[TC7 b] ~ 0 + 0017”2 log(r?) + azr?

01 01 T T T T

1009 x 10
“4pcifbds_b0O.dar" using 15+ . “apidiffbds_b00.dat" using 15 +
() - T1(x) -
“apidifbds_b0.dar" using 15 x . “apuiiods_ba0.dar sing 1(3 x
L 2() - L 260 ~--- |
o “4ptdiffbds_bg0.dat" using 15 % o S %, “aptdiffbds_bg0.dat" using 155 *

>, x x ox,
* X, X
- x X
e *,
03 - o 1 03 - o R
x *
x, x
X, *
Xxx o
04 B 04 b .
* x,
*
*x + .
05 . . . . 05 . . . .
0 01 02 03 04 05 0 01 02 03 04 05

S50t e, b] — SPPS[re, b] Sgis — SBDS (M = 1200)
ag ~ —0.0014 ag ~ —0.01
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higher-point amplitudes

6-point solutionl 6-point solution2

M=50 ——
Yo Y1 Yol g

(u1 = Uy = U3 = 1) (u1 = Uy = U3 = 1) U;j,k1:constant
ap = —1.25 ap = —1.27 ao = 1.15
@ rectangular solution (nontrivial uy,up, u3)
@ regular hexagon, octagon

y2 =20
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Thermodynamic Bethe Ansatz and the Remainder Function

embedding coordinatesY: (Y2 = —1)
action:

S = /d2z {oYOY + A(Y? +1)}
EOM+Virasoro Constraints
DY + (0Y Y)Y =0, (9Y)*=(Y)* =0

orthonormal basis ¢ = (Y, By, Ba, B3,e~%/20Y,e~*/20Y) e* = 0YdY
EOM<«= SU(4) Hitchin egs. with Zs-symm (Alday-Gaiotto-Maldacena)

[D2’7 DZ] + [¢Z7 ¢Z] = 07 qu)f = 07 DE(DZ =0

© 0 %e‘“/zvml A — 1/ —da+drjol’ 0
= %ea/Z 0 oA 0 da+dryol?

|

vr = B]aQY, d]J = 8B[BJ
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Hitchin eq and TBA

@ boundary condition (z — o0)

P(z)'/* 0 0 0
m( o3 0 1 0 —iP(z)"* 0 0
Az~ — , P~ — (174
z 0 o3 V2 0 0 P(z) 0
0 0 0 iP(z)Y/*

P(2) = 0?°Y?Y = z""* + ... for n sided polygon: w = [ PY/*(2)dz
@ linear problem: (D, +¢71®.)y) =0, (Ds + (z)y =0
(¢:spectral parameter)
@ Asymptotic behavior of 1) shows the Stokes phenomena
@ cross ratio are given by the Stokes data b;, monodromy s = €*®

@ X,[C]: function of b;[¢] whose asymptotic behavior is uniform
(Xy ~ exp(Z4/¢) ¢ — 0) Gaiotto-Moore-Neitzke
o Daurboux coodrinates of moduli space of N=2 theories on R3 x S!
o WKB-analysis: X, ~ exp(} § P¥dz)
@ X, has dicontinuities along some rays and obeys TBA-like equations
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remainder function: 6-point amplitudes

o P(z) = 2°> —m, parameters Z = |Z|e™, p = €'
o <) = X,[¢%], ef) = X, X3[e T €] obey the TBA eqs of the As
integrable theory
@ cross ratios ug, up, us: functionals of €(#) and €(0)
Remainder function
3

1 1.
Ro=>)_ <§ log® u; + gL(l - Ui)) —|Z|? — Ajrec + const.
=1

Free energy of the A3 system

1 [t - é
Afree = ﬂ/ d92|Z|cosh9|og(1+e_ﬁu)(1+eu )4+2v/2|Z| cosh 6 log(1+e~¢)

—00

u1 = up = uz = u (conformal point, p: chemical potential)
s

6

1

Rﬁ(uauvu) = - 4C052(¢/3)

1
+ 3—7T¢2 + g(log2u+ 2Lix(1 —w)), wu
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TBA equation for A3 theory

Klassen-Melzer mass mg = 2v/2|Z|, me, = me, = 2|7

B V2 , cosh(6 —¢') _z
e(0) =  2|Z|coshf + /dé’ cosh2(0—0') log(1+¢€7°)
/ € e
27r/ ' h(0 7y a1+ pe )1+ )
é0)=  2V2|Z|coshf + ~— V2 /d@'i log(1 4 ¢%)
cosh(f — ¢)

,cosh(9 6") e e €
/ o a(g— g L e )
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comparison with other calculations
2-loop Anastasiou-Brandhuber-Heslop-Khoze-Spence-Travaglini

111 _
Ro(5:70) = 0.930933, RS~ = 1.08916

Re(1,1,1) = 0.523509, R27'°°P = 2706, R = —1.25
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Remainder function at (ug, u2,u3)
Y.Hatsuda, KI, K. Sakai, Y. Satoh, work in progress

R

s
ool
osf”

o7l .

06f ¢

05 L L . L ,z
0

(1], R) graph for various ¢ plot of (u1,up,u3) with fixed R =
0.9,0.85, - - 0.6

@ Solve TBA equation numerically
o R(|Z|e", u =€), R is independent of 1)
@ small Z: mass perturbation of Zs-parafermion SU(2)4/U(1)

o large Z: (u1,up,u3) = (1 — us3,0,u3) colinear limit
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n-point amplitudes

To determine the remainder function for n-point amplitudes, we need to
o find TBA equations
@ solve them perturbatively or numerically
Minimal surface with 2n light-like polygonal boundary
AdSz-constraints: P(z) = p(2)? (p(z) = 2" 3 +--)
@ n =4 TBA eq. becomes trivial Alday-Maldacena
@ n=5TBAeqgs. : SU(3)2/U(1)?
o n==6TBAeqgs. : SU(4),/U(1)3
general n: SU(n — 2)2/U(1)"3 ~ (SU(2)1)"2) /SU(2),,_2
homogeneous Sine-Gordon model Castro-Alvaredo-Fring-Korff-Miramantos

e conformal point p(z) = 2"~ (regular 2n-gon) Ajfycc = Zc,
c—= (n—2)(n—3)
n

@ The number of deformation parameters: 2n — 6
o AdSs: SU(n —4),/U(1)" 5 = (SU(4)1)"*/SU(4),—4

Katsushi Ito (TokyoTech) minimal surface



@ Numerical solutions of Minimal surface in AdS' are quantitatively in
good agreement with exact solutions.
@ application to non-AdS geometry
o calculation of remainder function (large M)
@ Minimal surfaces in AdS with light-like boundary can be solved by

TBA egs.
To determine the remainder function for n-point amplitudes, we need

to
o find TBA equations Y. Hatsuda, Kl, K. Sakai, Y. Satoh
@ solve them perturbatively or numerically

@ relation to Wall Crossing Formula, Seiberg-Witten, 2d CFT
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Happy Birthday, Kazama-san!

Katsushi Ito (TokyoTech) minimal surface



	Introduction
	Discretized Minimal Surface in AdS
	Thermodynamic Bethe Ansatz and Remainder function
	Outlook

